RATIONAL POINTS OF UNIVERSAL CURVES 



RICHARD HAIN 



Contents 

1. Introduction 1 

2. Fundamental Groups and Galois Groups 5 

3. Points and Sections 6 

4. Monodromy Representations 7 

5. Mapping Class Groups and Moduli Stacks of Curves 9 

6. Relative and Weighted Completion of Profinite Groups 11 

7. Weighted Completion and Families of Curves 17 

8. Weighted Completion of Arithmetic Mapping Class Groups 20 

9. Generators and Relations 25 

10. The Lie Algebra c)g,„ 32 

11. Topologically Ample Families of Curves 36 

12. The Class of a Rational Point 39 

13. Computation of C(fc(T)) 42 

14. Non-abclian Cohomology 43 

15. Setup for Proofs of Theorems 2 and 3 46 

16. Cohomology Computations 49 

17. Computation of i?'(gK,Gr;;*'p) 52 

18. Proofs of Theorems 2 and 3 54 
Appendix A. A Hodge Theoretic Lemma 57 
References 58 



1. Introduction 

Associated to a smooth, projective, geometrically connected curve C over a field 
K is the short exact sequence 

1 -> 7ri(C®K^,'?) 7ri(C,77) -> 1 

of etale fundamental groups, where X is a separable closure of K , Gk — G&\{K / K) 
and where ^ is a geometric point of C . Each X-rational point a; of C induces a 
section Sx ■ Gk ""iCC, ry) of the right-hand map, which is well defined up to 
conjugation by an element of the geometric fundamental group 7ri(C K,rj). 
Grothendieck's Section Conjecture [12] asserts that, if K is an infinite field that is 
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finitely generated over its prime field, and if the genus of C is 2 or more, then the 
function 

C{K) {sections of 7ri(C,r?) — > Gi<:}/conjugation by 7ri(C <S)k K,rj) 

that takes x to the conjugacy class of Sx is a bijection. In this paper wc prove the 
section conjecture for the restriction of the universal curve C Mg to its generic 
point Spec(fc(A^g)) for all g > 5 when charfc = 0.^ When g > and n > 1 we 
prove a modified version of the Section Conjecture for the pullback of the universal 
curve to the generic point of Mg^n in which 7ri(C ®KK,rj) is replaced by its £-adic 
prounipotent completion, where the prime number i is chosen so that the image of 
the ^-adic cyclotomic character xe '■ Gk ^ is infinite. In particular, this version 
of the "unipotent section conjecture" holds whenever fc is a number field or a finite 
extension of Qp, where p ^ £. 

The proof proceeds in two stages. We first show that, when g > 3, the universal 
curve over Mg^n has no more A:(A1g,n)-rational points other than the obvious ones 
— namely, the rational points that are the restrictions of the n tautological sections 
of C — >■ Mg^n- This follows directly from results in Teichmiiller theory proved by 
Hubbard [25] and Earle and Kra [6] in the 1970s. We give an algebraic proof of 
this consequence of their results which also applies to ample subvarieties of Adg^n 
of dimension > 2 and which should also hold in positive characteristic. 

The second step is to study conjugacy classes of sections of the group extension 

1 ^ TTi (C K, 77) ^ K TTi {C ®K ?7)/5, -^Gk^I 

where K = k{Mg^n), n > 1, and where C is the pullback of the universal curve 
to SpecJsT. This is done using the non-abelian cohomology developed by Kim in 
[28] for extensions of a profinite group by a prounipotent group, which proves to 
be very effective in this case. 

The principal tool used to prove these results is the theory of weighted comple- 
tions of profinite groups [20, 23], which was developed with Makoto Matsumoto. 
Other notable ingredients used include the computation of the relative completion 
of mapping class groups in genus > 3 in [15], a "density theorem" [18], and Kim's 
non-abelian cohomology mentioned above. 

This work is inspired by work of EUenberg [7] and Kim [29] who independently 
tried to bound the number of rational points of hyperbolic curves over a number 
field by bounding the number of conjugacy classes of sections of the surjectivc 
homomorphism TTi{C,rj)/L'^ Gk, where L"^ denotes the rth term of the lower 
central series of 7ri(C K,rj). 

We now describe the main results in more detail. A natural generalization of 
the universal curve C ■M.g,ni introduced in Section 11, is that of a topologically 
ample family of curves of type {g, n). Roughly speaking, a family C ^ T of smooth 
projective curves over a geometrically connected fc-variety T is topologically ample 
of type {g, n), where g > 3, if it has n disjoint sections and if the corresponding fc- 
morphism T A^g.n induces an isomorphism of the fundamental group of T with 
a finite index subgroup of 7ri(Alg^„, 77) that contains the profinite Torelli group. 
(See Definition 11.1.) Examples of topologically ample curves of type {g, n) include 
the universal curve over the moduli space A^g,n['n] of smooth projective curves of 



Here and throughout the introduction, Aig, ■Mg,n and Mg,n[m] are considered to be stacks 
over the field k. 
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type [g, n) with a level m structure, where (7 + n>4or(7>3 and to > 3, and its 
restriction to a generic linear section of A^g,Ti[m] of dimension > 2. 

Theorem 1. Suppose that C T is a topologically ample family of curves of type 
{g,n) over a field k of characteristic zero. If g > i, then the only k(T)-rational 
points of C are its n tautological points: C{k{T)) — {xi, . . . ,.t„}. 

The theorem is false when g = 2. Since every genus 2 curve is hyperelliptic, 

|C(fc(X2,n[2m]))| > 6 + 2n 

whenever m + n > 2 as, apart from the n tautological sections, C{k{A42,n['2m])) 
contains the 2g + 2 = 6 Wcicrstrass points of the universal curve and the n hyper- 
elliptic conjugates of the tautological points.^ In fact, the result of Earle-Kra [6] 
implies that there are no additional rational points, so that one has equality above. 

The following result establishes the Section Conjecture for the pullback of the 
universal curve to the generic point of A^g[m] when g > 5, provided that there 
exists a prime number i such that the image of the ^-adic cyclotomic character 
X« : Gfe — >■ is infinite. 

Theorem 2. Suppose that k is a field of characteristic zero, that i is a prime 
number, and that to > 1. Set K = k{Aig[m\) and let C/K he the pullback of the 
universal genus g curve to Specif. Fix a geometric point rj of C . If g > 5, and 
if the image of the £-adic cyclotomic character xe '■ Gk ^ is infinite, then the 
extension 

1 TTi{C <8iKK,ri) 7ri(C,77) -^Gk 

does not split. 

When n > 1, we can only prove a weaker version of this result. As in the previous 
result, fc is a field of characteristic zero. Fix rn > 1 and set K = k{A4g^n[fn]). Let 
C/K he the pullback of the universal curve to Specif. 

Each iV'-rational point Xj G {xi, . . . ,x„} of C induces a continuous homomor- 
phism 

Sj : Gk — >■ Aut 7ri(C ($ik K, Xj) 

where xj : SpecK — C is a geometric point that lies over xj. This induces a 
homomorphism 

: Gk ^ Aut7ri(C (gix K,Xj)]^^ 
into the automorphism group of the Q^-unipotent completion of 7ri(C <Sik K,Xj). 

Theorem 3. Suppose that g > 5 and that n > 1. Suppose that k is a field of 
characteristic zero and that I is a prime number for which the £-adic cyclotomic 
character xt '■ Gk ^ has infinite image. With the notation introduced above, 

if H^{Gk,Qi{r)) is finite dimensional for all r > 1, then then there is a natural 
bijection between the 7ri(Ccg)if K,xi)™(Qi) conjugacy classes of splittings of 

1 ^ 7ri(C«)K if,xi)""(Q^) ^ Gk x^un 7ri(C ®k ^,xi)""(Q^) ^ Gk ^ I 

and elements of G{K). 



It is necessary to take m + n > 2 as the stack .M2[2] docs not have a function field. The 
Weierstrass points are rational as the level is even, which implies that the 2-torsion of the jacobian 
is trivialized. 
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The theorem applies, for exaraple, when fc is a mimber field and when /c is a 
finite extension of Qp provided that £ p. It should also hold when fc is a finite 
field of characteristic p and i ^ p. Truncated versions of this result are proved 
in Section 18. The theorem also holds when Mg^n/k[^] is replaced by a generic 
section of it by a complete intersection T of dimension > 3 and sufficiently high 
multi-degree. The details of the proof of this extension, Theorem 18.7, are similar 
to those Theorem 3 and are left to the interested reader. 

When C is an affinc curve, the story is more subtle as the second weight graded 
quotient of tt^"^(C(>:jkK. rf) contains at least one copy of ^^(l). Since H^{G k 
is infinite dimensional, this implies that H^{Gk,Gy^2''^T\'^ ®k K)) is infinite 
dimensional when C is afiine. To avoid unnecessary technicalities, the afiine case 
has been postponed. 

As remarked above, the principal tool used to prove the main results is the theory 

of weighted completion of profinite groups developed with Makoto Matsumoto in 
[20, 23]. Given a curve C/T satisfying certain natural conditions, one can take 
the weighted completion of the groups 'ni{C,r]Q) and -KiiT,!]) with respect to their 
natural monodromy representations in GSp(iJ) := GSp(-ff|j(C7j, (Q£(l))) to obtain 
Q^-affine proalgebraic groups Qc and Qt, both of which are extensions of GSp(if) by 
a prounipotent group. The projection C induces a surjective homomorphism 

(1) Qc Qt. 

Sections of iTx{C,rj(j) 7ri(T, 77) induce sections of (1). Theorem 1 is proved by 
exploiting the presentation of the Lie algebra Ug^n of the pronilpotent radical of the 
relative completion of the mapping class group 7Ti{M.g,n, x)'^'^ that was computed 
in [15]. 

The Lie algebras ut, Uc and Ug,„ of the prounipotent radicals of the fundamental 
groups of T, C and Aig^n all have a natural weight filtration 

u = W_iu 2 W_2U 2 VF_3U 2 • • • 

whose graded quotients are GSp(iJ)-modules. To prove Theorem 1, one need only 
use their quotients uc/W-3 and ut/W-s by W-3. The principal defining property 
of a topologically ample family C/T oi curves of type {g,n) is that the morphism 
T — > M.g^n induce an isomorphism Ut/W-z Ug^n/W-3. This clearly holds when 
T — >• Mg^n induces an isomorphism on fundamental groups, such as when T is a 
generic linear section of Aig^n of dimension > 2. 

To prove Theorems 2 and 3, one needs to understand how Ut/VF-s changes when 
one replaces T = Mg^n by a Zariski open subset U. It turns out that when g > 5, 
the induced Lie algebra homomorphism 

Uu/W-3 Ug,n/W-3 

is close to being an isomorphism. More precisely, its weight —1 quotient does not 

change when one replaces Adg^n by U, and its weight —2 quotient is an isomorphism 
modulo the trivial representation of Sp(-ff). This is proved using a corollary of the 
"density theorem" from [18], which asserts that if X is a complex algebraic manifold, 
and / : X — > Ai^^n ^ morphism whose image is a divisor, then the image of the 
natural monodromy representation Tri{X,Xo) — >■ Spg(Z) has finite index in Spg(Z). 
The proof of this density theorem makes essential use of Goresky and MacPherson's 
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stratified Morse theory [10] and a recent result [38] of Putman on tlie Picard groups 
of level coverings of M.g,n for 5 > 5. 

This invariance of U/W3 is encoded in the cohomological computations of Sec- 
tions 16 and 17. Theorems 2 and 3 are then proved using Kim's non-abelian coho- 
mology [28] and provide an example where his methods effectively find all of the 
rational points of a curve. These non-abelian computations are also related to, 
and might illuminate, work of Jordan EUenberg [7] and Kirsten Wickelgren [45] on 
rational points of curves over number fields. 

The computations and arguments in Sections 16 through 18 introduce certain 
cohomology classes of degree < 2 in the cohomology of Mg^n with coefficients 
in local systems corresponding to certain GSp(i?) modules V. Since a smooth 
projective curve of genus g over an extension field K oi k with n-known rational 
points corresponds to a map Specif ■M.g,n, these classes specialize to classes in 
H*{Gki and can thus be regarded as characteristic classes of curves C over K 
with n known rational points. They should be useful in investigating whether or 
not C has any additional JsT-rational points. 

Convention: Suppose that A: is a field. By a A;-variety we will mean an integral, 
separated scheme of finite type over k. All fc-schemes will be integral. By a family 
of smooth varieties over X we mean a flat morphism X — > T, each of whose closed 
fibers is smooth. When we want to emphasize that M.g^n is regarded as a stack 
over Specfc, we will denote it by the unfortunately cumbersome notation Mg^n/k- 

Acknowledgments: Much of this work was done in 2009 during visits to MSRI, the 
Universite de Nice and the Newton Institute. I am very grateful to these institu- 
tions for their hospitality and support and to Duke University for the sabbatical 
leave during which this work was completed. I am also grateful to the many math- 
ematicians who took an interest in this work and with whom I had many helpful 
discussions, particularly Jordan EUenberg, Minhyong Kim and Makoto Matsumoto. 
I am also grateful to Arnaud Beauville and Naria Kawazumi, both of whom pointed 
out the existence and relevance of the works of Hubbard [25] and Earle and Kra 
[6]. Finally, I owe a huge debt of gratitude to the referee for his/her very thorough 
reading of the manuscript and his/her numerous detailed comments and corrections. 

2. Fundamental Groups and Galois Groups 

We will have occasion to use various fundamental groups. In this section we 
enumerate some of them and summarize their basic properties. Unless mentioned 
otherwise, throughout this section X is a smooth, geometrically connected variety 
defined over a field k of characteristic zero. 

2.1. The topological fundamental group. When k is a subfield of C, we shall 
denote the corresponding analytic variety by X'^'^. For x G -'^(C), we have the topo- 
logical fundamental group 7r*°''(X*", a;), which we shall denote simply by 7r*°''(X, a;). 

If X is a DM stack over fc, the associated analytic space X™ is an orbifold (i.e., a 
stack in the category of topological spaces) . In this case, we will denote the orbifold 
fundamental group of X^" by 7r°''^(X, a;), where x is any suitable basepoint. Such 
fundamental groups are defined in [36], for example. Typically in this paper, X 
will be the quotient of a smooth variety be a finite group. In this case the orbifold 
fundamental group is easy to describe directly. See, [17, §3], for example. 
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2.2. The etale fundamental group. Denote the etale fundamental group of X 
by iTi{X,Ti), where ^ is a geometric point of X. The etale fundamental group of 
a DM stack X can also be defined see [36] . Wc will also denote it by tti {X, rj) . 
Fix an algebraic closure k of k. The fundamental group of Spec fc with respect to 
the geometric point Spccfc Spec A: is simply Gal(fc/fc). We denote it by G^. The 
structure morphism X Spccfc induces a homomorphism 7ri(X, 77) — ^ Gk- One 
has the canonical short exact sequence 

(2) 1 ^7ri(X(g)fc fc,r?) ^ 7ri(X,r?) -S^ Gfc ^ 1. 

Each fc-rational point x G X{k) induces a section of 7ri(X,r7) Gk that is 
well-defined up to conjugation by an element of the geometric fundamental group 

■Ki{X (g)fe fc, ry). 

2.3. Topological versus etale fundamental groups. When fc = C and x € 
X(C), there is a natural isomorphism 

T,i{X,x)^nf^{X,x)^ 

between the etale fundamental group of X and the profinitc completion of its topo- 
logical fundamental group. When fc is a subfield of C, the exact sequence (2) 
becomes 

1 7r*i°P(X,a;)^ -s- 7ri(X,a;) -^Gk^l. 

2.4. Relation to Galois groups. Set K = k{X) and let 77 be any geometric point 

that lies over the generic point of X . This also serves as a basepoint for any Zariski 
open subset of X. We therefore have an inverse system of profinite groups: 

{7ri(X-A^)}^ 

where D ranges over the divisors in X that are defined over fc. 

Denote the Galois group Ga\^{K/K) of K by Gk- There are natural surjections 

GK^MX-D,rf). 

for each divisor D m X. 

Proposition 2.1. The natural homomorphism 

Gk^^t^i{X-D,1]) 

D 

is an isomorphism. 

3. Points and Sections 

Suppose that T is a smooth variety over fc, a field of characteristic zero, and that 
/ : C ^ T is a family of smooth projective curves. That is, / is a proper flat family 
of geometrically connected smooth projective curves over T. Denote the function 
field k{T) of T by K. The following assertion follows directly from the valuative 
criterion for properness [11, 7.3.8]. It can also be proved by an elementary direct 
argument. 

Proposition 3.1. There is a natural 1-1 correspondence between K -rational points 
X e C{K) and equivalence classes of sections s : U ^ C of f defined on a Zariski 
open subset UofT defined over fc where each component ofT — U has codimension 
> 2 in T. Two such sections are defined to be equivalent if they agree on the 
intersection of their domains. 
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Fix a prime number i and let # G {et, top} if fc = C and = et in general. Fix 
geometric points to of T and Xo of C such that f{xo) = to- Denote the fiber of C 
over to by Co- 

Corollary 3.2. Each x G C{K) induces a splitting : nf 

of the natural homomorphism : TTf{C,Xo) — >■ Trf{T,to) that is unique up to 

conjugation by an element ofnf{Co,Xo)- 

Remark 3.3. A result of Stix [42] implies that rational points x € C{K) correspond 
to global sections of C — >■ T. When A; = C, this follows from Teichmiiller theory. 
Indeed, if s : U C is a holomorphic section C defined in the complement of 
an analytic subset Z of T, each of whose components has codimension > 2, then 
the inclusion U ^ T induces an isomorphism on fundamental groups, and thus 
an inclusion of universal coverings U ^ T. The section s lifts to a holomorphic 
mapping s : C/ — >■ Xg^i into the Teichmiiller space Xg^i of marked Riemann surfaces 
of type {g, 1). Since Xg^i is a domain in C^^~^, Hartog's Theorem implies that s 
extends to a holomorphic mapping T '^g,i, which implies that s extends to a 
holomorphic section of C T. 

4. MoNODROMY Representations 

4.1. The groups Sp(ff) and GSp(-ff). Suppose that .g > 1 and that A is a com- 
mutative ring. Suppose that Ha is a free A-module of rank 2g endowed with a 
unimodular, skew symmetric bilinear form 

For an A-algebra R, set Hf{ = Ha <8)a R- The general symplectic group is defined 
by 

GSp{Hr) := {(f) : Hr Hr : (j)* /3 = T{(f>)(3 for some T{(f>) e R""}. 

Taking (j) to t{4>) defines a homomorphism r : GSp{Hr) — > R^ whose kernel is the 
symplectic group Sp{Hr). 

We will view GSp(ifA) and Sp{Ha) as group schemes over A whose groups of 
i?-rational points are GSp{Hr) and Sp{Hr), respectively. We will omit the ground 
ring A from the notation when it should be clear from the context. There is an 
exact sequence of algebraic groups 

1 ^ Sp{H) GSp{H) ^Gm^l. 

The pairing /3 can be replaced by a GSp(i/)-pairing 6 as follows. For r £ Z, 
denote by A{r) the representation of GSp(iJ) whose underlying ^-module is free 
of rank 1 and where GSp{Ha) acts via r''. Each choice of a generator ao of A{1) 
gives rise to the GSp(-ff)-invariant bilinear pairing 

0:H(^H^A{1) e : x®y ^ l3{x,y)ao. 

With this choice 

G?,p{Hr) := {<I>:Hr^ Hr: = 9). 

For a GSp(i?A)-module V, denote by V{r) the representation V ®AA{r). Since 
/3 is unimodular, 6 induces an isomorphism 



Ha HX{1) := Hom^(FA, A)(l) 
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The representation A'^V will be regarded as a quotient of 1/®^; the image of vi (g) V2 
will be denoted vi Av2- The pairing 

{A'^HX) (g) (A^/^a) -5- ^ {<Pi/\ <f>2) <8) (a;i A X2) := det(0i(a;j)) 

is perfect and thus induces isomorphisms 

{A^HAn2)9iA^H*^{^))^A^HA 

The dual pairing 9 : H\ ® H\ — > ^(^1) will be regarded as a GSp(i?)-equivariant 
map 6 : A{1) — ;> A^Ha or, cquivalcntly, as an element of A^Ha{—^)- 

4.2. Monodromy representations. Suppose that T is a smooth variety over a 
field k of characteristic zero and that / : C — > T is a family of smooth projective 
curves over T . Fix a geometric point rj : Spec F ^ T oiT and denote the fiber of 
C over it by Cjj. For a prime mimber I we set 

-f^Zf = i?lt(CV:^^(l))- 
This is endowed with the cup product pairing 6 : AP'H^^ — > Z^(l), which is unimod- 
ular. Let S be a geometric point of C that lies over r]. 

Lemma 4.1. If g > 2 or if g = 1 and f : C T has a section, then the homo- 

morphism tti {Cjf^ x) — > tti (C, x) induced by Gfj C is injective. 

Proof. The result is clear when / has a section. So suppose that g > 2. Since 
7ri(C ® k,x) — !> 7ri(C, is injective, it suffices to consider the case where k is 
algebraically closed. We may assume that fc = C and that rj E T(C) and x G C(C). 
Standard algebraic topology implies that 7rJ°^(C, a;) acts on 7r^°^ (C?; , a;) and that 
the composite 

is the conjugation action. Taking profinitc completions, it follows that there is a 
continuous action of tti (C, x) on tti (C-jj, x) and that 

Tri{Crf,x) — >■ 7ri(C, x) — > Aut (7ri(C7^, x)) 

is the conjugation action. Since Tri{Crf,x) has trivial center [1], it follows that 
Tri{Cri,x) ni{C,x) is injective. □ 

Suppose that 5 > 2 or that g = 1 and that / has a section. Since Hz^ = 
Hom(7ri(C75-,x),Z^(l)), the conjugation action of 7ri(C,x) on Tri{Cri,x) induces a 
natural monodromy action 



such that the diagram 



7ri(T,r?)— ^GSp(/fzJ 



Gk GmC^e) 

commutes, where the left-hand map is the canonical projection, the right-hand 
vertical map r is the natural surjection, and where xe is the ^-adic cyclotomic 
character. Often we will extend scalars from to Q^. 

Denote the projection by / : C — >■ T. For A = Z^ or Q^, set 

Wa := R^f*A{l) 
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Proposition 4.2. If g > 2 or if g — 1 and f : C ^ T has a section, then 
the monodromy representation of tti (T, if) on the fiber Ha of over rj is Pff : 
7ri(r,77) Aut Ha- 

Proof. The proof of the topological analogue of the assertion is an exercise in topol- 
ogy and is left to the reader."^ We prove the arithmetic version. Let K = k{T). Fix 
an algebraic closure K of K. We may assume that ^ = Spec K. Then one has the 
diagram 

1 3" -Ki{Crj,x) 9- 7ri(C Xt Spec/r,S) Gk ^ 1 



1 >■ ni{Crf, x) >■ 7ri(C, x) >■ 7ri(T, r]) >■ 1 

in which the vertical maps are surjective. The Galois action Gk — > Aut Ha is 
induced by the conjugation action of 7ri(C Xt Specif, on ni{Cri,x). The result 
now follows from naturality of the monodromy action under base change and the 
commutativity of the diagram. □ 

5. Mapping Class Groups and Moduli Stacks of Curves 

Suppose that g and n are non-negative integers satisfying 2g — 2 + n > 0. Fix 
a closed, oriented surface S of genus g and a finite subset x = {xi, . . . , x„} of n 
distinct points in S. The corresponding mapping class group will be denoted 

r5,x-7ro Difr+(5,x), 

where Diff ""^ {S, x) denotes the group of orientation preserving diffeomorphisms of 
S that fix X pointwise. By the classification of surfaces, the diffeomorphism class 
of (5*, x) depends only on (g, n). Consequently, the group Ts.x depends only on the 
pair {g,n). It will be denoted by Tg^n when we have no particular marked surface 
{S, x) in mind. 

Denote the moduli stack over Spec k of smooth projective curves of genus g 
with n distinct marked points by Aig^n/k- The corresponding complex analytic 
orbifold will be denoted by A^™„. Recall that ■K™^{Mg^n,'n) denotes the orbifold 
fundamental group of M^\. 

If (C, x) is an n-pointed smooth complex projective curve, there is a natural 
isomorphism 

For each geometric point r] of Mg^n/k there is therefore an isomorphism 

which is well-defined up to inner automorphisms, and an exact sequence 

1 ^ r^_„ ^ 7ri(7Wg^„/fc,^) ^ Gfc ^ 1. 

The Lefschetz trace formula implies that when n > 2g + 2, the automorphism 
group of each n-marked, genus g curve is trivial. In this case, Mg^n/k is a quasi- 

projective fc-scheme, [31]. When n < 2g + 2, we can replace Adg^n by J^g,n, the 
locus of n-pointed genus g curves in Adg^n with trivial automorphism group. Since 



'Reduce to the case of a mapping torus. 
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the locus of n-pointed curves in Mg^n with a non-trivial automorphism is a closed 
subscheme of M.g,n, Knudsen's result [31] implies that J^g,n is a smooth fc-scheme. 

Proposition 5.1. If g > 2, then each component of the complement of Jvig^^ in 
Adg^n has codimension > g+n—2. Consequently, ifg+n > 4, the inclusion J^g^n 
Adg^n induces an isomorphism 7r*°^(^g,„, a;) = Tg^n of fundamental groups. 

Sketch of Proof. Wc will prove the case n = 0. The case n > is an immediate 
consequence as marking points on a curve C cannot create new automorphisms, 
only kill them. First note that if a curve has a non-trivial automorphism, it has 
one of prime order. Suppose that S is a compact oriented surface of genus g and that 
G is a finite cyclic group of prime order p that acts effectively on S and preserves 
the orientation. Since the stabilizer of each point is cyclic, G\S is a compact surface 
and the projection tt : — > G\S is a branched covering. Let h be the genus of G\S. 
The Riemann-Hurwicz formula implies that 

where A is the set of critical values of tt. Let a = \A\. Teichmiiller theory implies 

that the locus of curves m Mg where G C Aut C and the action of G on C is 
conjugate to the given action of G on S* is the image of a morphism Mh,a M.g. 
This locus has codimension 

dim A4g - 6:\va.Mh,a = (3fif - 3) - (3/i - 3 + a). 

as 5 > 2 implies that {h,a) cannot be (1,0). Equation (3) implies that the codi- 
mension of this locus is 

When p = 2 the codimension is (Sg — 3 — o/2)/2, which is > g( — 2 as a < 25f + 2 
with equality if and only \i a = 2g + 2 and ft, = 0, in which case C is hyperelliptic. 
Whenp > 3, then 3/2 > (1 - p~'^)~^ . In this case, 

codim > (35 - 3)(1 - p^^) >2g-2 

with equality if and only if a = and p = 3. □ 

5.1. Level structures. 

5.1.1. In topology. Suppose that S is a compact oriented reference surface of genus 
g. Set Hz — i/i(S', Z) endowed with its intersection pairing. For a positive integer 
m, the level m subgroup Sp(iJz)[m] of Sp(iJz) is defined to be the kernel of the 
quotient homomorphism 

Sp{H^) ^ Sp(ifz/„z). 

The group Sp{Hz)[m] is torsion free for all m > 3. 

The action of Diff (S", x) on S induces a surjcctive homomorphism 

P ■■ rs,x ^ Sp(iJz). 

Define the level m subgroup of Tg^n to be the kernel of the composite: 
Denote it by rg,„[m]. It is torsion free when m > 3. 
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5.1.2. In arithmetic. Suppose that m is a positive integer and that fc is a field of 
characteristic zero that contains all mth roots of unity fim{k)- Fix an isomorphism 
■0 : Hom(/i,„(A;), Q/Z) — > Z/mZ. Such isomorphisms correspond to choices of a 
primitive mth root of unity. A level m structure on a smooth projective curve C 
of genus g over k is an isomorphism 

(j) : Hl^{C (g)fe fc,Z/mZ) -s- (Z/mZ)^^ 

such that the diagram 

Hl{C Ofe k, Z/mZ)®2 Hom(/i„(fc), Q/Z) 




(Z/TOZ)2f ® (Z/toZ)29 ^ Z/mZ 

commutes, where the bottom row is the standard symplectic inner product on 

(Z/mZ)25. 

When considering the moduli of curves with a level m structure over k, we will 
assume, as above, that k contains the mth roots of unity fim{k) and that the iso- 
morphism -0 is specified. This ensures that the moduli stack Alg^„/fe[m] is geomet- 
rically connected. It is a principal Spg(Z/mZ)-bundle over Mg^n/k- When m > 3, 
■A^g,n[w] is a smooth quasi-projective variety. This follows from [33, Thm. 1.10] 
using the GIT setup from [9, §2]. 

When k is an algebraically closed subfield of C, there is a natural conjugacy class 
of isomorphisms 7r°'''^(A^g,„[m], *) = Fg^nfm]. 

6. Relative and Weighted Completion of Profinite Groups 

This section is a terse review of the relative and weighted completions of profinite 
groups. The reader is referred to the surveys [21, 16], and the articles [13, 15, 20] 
for a more detailed discussion and details. 

6.1. Relative completion of a discrete group. Suppose that F is a discrete 
group and that i? is a reductive F-group, where F is a field of characteristic zero (the 
coefficient field). The completion of F with respect to a Zariski dense representation 
p : F — )■ R{F) is a proalgebraic F-group Q, which is an extension 

of i? by a prounipotent group W, and a Zariski dense representation p : V Q{F) 
whose composition with Q{F) — > R{F) is p. It is characterized by the following 
universal mapping property: if G is a proalgebraic F-group that is an extension 

l^U ^ G ^ R^l 

of R by a unipotent F-group U , and if c6 : F — G{F) is a homomorphism whose 
composition with G{F) — >■ R{F) is p, then there is a homomorphism ^ — >■ G of F- 
groups that commutes with the projections to R and such that (j) is the composite 
F -> g{F) ^ G{F). 

When R is the trivial group Q —U, which is a prounipotent group. In this case, 
U and F U{F) comprise the unipotent completion of F over F. It will be denoted 

by f;^. 

A more interesting example is where F is the mapping class group Fg^„, where 
2g — 2 + n > and > 1. In this case, F™ is trivial. A better choice is to 
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take R — Sp{Hq,), where Ha = Hi{S,A) is the first homology of tlie compact 
reference surface S and p : Tg^n — >■ Sp{Hq) to be the representation of the mapping 
class group on the first homology of the surface. Since this has image Sp(iJz), it 
is Zariski dense. Denote the completion of Tg^n with respect to p by Qg'^n™ 9,nd its 
prounipotent radical by U^'^°"^. These are proalgebraic Q-groups. 

One can restrict the homomorphism Tg n to the level m subgroup. 

Proposition 6.1 ([15, Prop. 3.3]). If g >3, then for all m>l, the group Gg°n"^ 
and the homomorphism rg,„[m] ^ Tg^n ^^|°n™(Q) ^^^^ completion ofTg^n[m] 
relative to the natural homomorphism rg^„[m] Sp{Hq). 

Wo have been vague about the role played by the coefficient field F. This is 
because relative completion behaves well under base change. 

Theorem 6.2 ([23]). Assume the notation of this subsection. If E is an extension 
field of F and if the image of p :T ^ is Zariski dense in R^pE, then Q^pE 
and pE - T ^ R{E) = {RcSip E){E) comprise the completion ofT relative to ps- 

This is proved directly for relative completions of mapping class groups in [15, 
Thm. 3.1]. It implies that the completion of r(,„[m] relative to p : Tgn[m] 
Sp(ifQjisg|--®QQ,. 

6.2. Continuous relative completion of a profinite group. This is the profi- 
nite analogue of relative completion of a discrete group. In this case, we take the 
coefficient field F to be the field for some prime number £. Suppose that F 
is a profinite group, that i? is a reductive Q^-group, and that p : T R{Qe) is 
a continuous, Zariski dense representation. The continuous completion of F with 
respect to p is a proalgebraic Q|-group Q that is an extension 

i^u ^ R^i 

of i? by a prounipotent Q^-group U and a continuous* Zariski dense representation 

p : F — > QiQf ) whose composition with Q(Qe) — > R{Qe) is P- It is characterized by a 
universal mapping property that is similar to the one that characterizes the relative 
completion of a discrete group. The only difference is that all homomorphisms are 
required to be continuous in the i?-adic profinite case. 

When R is the trivial group, this reduces to the continuous unipotent completion 
of a profinite group, [20, A. 2]. 

The continuous relative completion of the profinite completion of a discrete group 
can be computed from the relative completion of the discrete group. Denote the 
profinite completion of the discrete group F by F^. We can view F as a topological 
group by defining the neighbourhoods of the identity to be the finite index normal 
subgroups of F. 

Theorem 6.3 ([20, 23]). Suppose that T is a discrete group, R is a reductive Qi- 
group, and that p : F — >■ R{Qi) is a continuous, Zariski dense representation. Let 
Pi : ^ R(Qi) be the continuous extension of p to F^. If Q and p : F — >■ ^(Q^) 
is the completion of F relative to p, then: 

(i) p is continuous and thus induces a continuous homomorphism pi -.V^ ^ 
GiQi); 

homomorphism </> : F — > G{Q£) from a profinite group to the rational points of a proalgebraic 
Q^-group G is defined to be continuous if it is the inverse limit of continuous homomorphisms 
r — ^ Ga{Qi), where each Ga is an algebraic Q^-group and G = lim Gg . 
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(ii) Q and p£ is the continuous relative completion of with respect to pc . 

In particular, the continuous completion of with respect to the standard 

representation p£ : „[m] Sp(-ffQ^) is ^|^^™ <8>q Q^. It also implies that the 
continuous unipotent completion of the profinite completion tt^ of the topological 
fundamental group tt of and n-puncturcd, genus g surface is t^Jq^ ■ 

6.3. Negatively weighted representations. Suppose that -F is a field of char- 
acteristic zero. Denote Gm/F by Gm- First suppose that i? is a reductive F-group 

and that u! : Gm R is a. central cocharacter. If V is an irreducible F-rational 
representation of R, then the restriction of V to Gm via w is isotypical. That is, 
there is an integer w{V) such that Gm acts on V via the w{V)th. power of its defin- 
ing representation. We will call w{V) the weight of V (with respect to uj) and say 
that V has negative weight when w{V) < 0. More generally, a finite dimensional 
representation of R is negatively weighted when each of its irreducible components 
is. 

We will say that an extension 

1 ^ U ^ G ^ R^ 1 

of affine algebraic F-groups, where U is unipotent, is negatively weighted (with 
respect to w) when the abelianization H\{U) of ?7 is a negatively weighted R- 
module. An extension of i? by a prounipotcnt F-group U is negatively weighted if 
it is the inverse limit of negatively weighted extensions of R by unipotent groups. 

Proposition 6.4 ([20, Thms. 3.9 & 3.12]). Suppose that R is a reductive F-group 
and that UJ I Gm — ^ R is a central cocharacter. If G is a proalgebraic group that is 

a negatively weighted extension ( with respect to uj) of R by a prounipotcnt group, 
then every finite dimensional G-module V has a natural weight filtration W, : 

= WnV c ■ • • c Wr^iV c WrV c ■ • ■ c WmV = V. 

It is characterized by the property that the action of G on 

Gr^V :=WrV/Wr-iV 

factors through G ^ R and is a representation of R of weight r. The weight 
filtration is preserved by G-module homomorphisms and the functor Gr^ on the 

category of G-modules is exact. 

Remark 6.5. Each choice of a lift w : Gm — > G of the central cocharacter oj : Gm 
R determines a vector space isomorphism V = Gt^ F of a G-module V with its 
associated weight graded space. This isomorphism is natural in the sense that the 
diagram of vector spaces 

<t> 

Vi ^V2 

Gr^ Vi — ^ Gri^ V2 

commutes for all G-module homomorphism (j> : Vi ^ V2 . Although the isomorphism 
V = Gr^ V is natural, it is not canonical as it depends upon the choice of the lift 

CO. 

Denote the Lie algebras of G, R and U by g, t and u, respectively. 



14 



RICHARD HAIN 



Proposition 6.6 ([20, Prop. 4.5]). If G is a proalgebraic F-group that is a nega- 
tively weighted extension of R by a prounipotent group U, then the Lie algebra Q of 
G and the Lie algebra u of U have natural weight filtrations W, that satisfy 

In particular, each choice of a lift ui : G of the central cocharacter w : — >■ 

R determines Lie algebra isomorphisms 

Q^Y[Gr^Q andu^Y[Gv^u. 

r<0 r<0 

A pronilpotent Lie algebra n in the category of G-modules is the inverse system 
{na)a of nilpotent Lie algebras in the category of G-modules. The continuous 
cohomology of a pronilpotent Lie algebra n is defined by 

and its homology by 

//.(n) =liniiJ.(n„). 

These are ind- and pro-objects, respectively, of the category of G-modules, and thus 
have natural weight filtrations. The later can be regarded as a topological vector 
space under the inverse limit topology. There are natural G-module isomorphisms 

H'{n) = Hornets (i^.(n),i^) and H,{n) = Hom(iJ'(n), F). 

Exactness of Gt^ implies that homology and cohomology commute with Gr^ . 
That is, there are canonical i?-module isomorphisms 

H'iGi^n) ^ Gv^H'in) and H,{GvY n) ^ Gv^ H,{n). 

The following useful result is an analogue of Sullivan's observation [43]. 

Lemma 6.7. Suppose that G is a proalgebraic F-group that is a negatively weighted 
extension of R by a prounipotent group U and that n is a pronilpotent Lie algebra in 
the category of G-modules. //iJi(n) has negative weights (i.e., i?i(n) = W_ii?i(n)j, 
then there is an R-module isomorphism Gi^i n = Grlf^ Hi (n) and an exact sequence 

^ Grf H\n) ^ (Gr!^^ n)* Grf H\n) ^ Grf H\n) ^ 

in the category of ind-R-modules. 

Proof. Denote the standard cochain complex of n by G*(n), where 

G^(n) =Homets(A«n,F). 

Since n = PF_in, this is a differential graded F- algebra in the category of ind- 
i?-modules. The exactness of Gi^ implies that there are natural ind-i?-module 
isomorphisms 

Gr^ H'{n) ^ Grf H'{C*{n)) ^ H*{GtY C'{n)). 

Since fl'i(n) is negatively weighted, Gr]^G*(n) is the complex Hom(Gr^fj n, F), 
which implies that Grf H\n) = (Gr!^i n)*. Taking duals we see that 

W-iHi{n) = {WiH\n)y = W-m 

The complex Gr^^2 ^* i^) is the dual of 
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This and the isomorphism Gr]* H^(n) = (Gr^j^n)* imply the exactness of 
^ Grf H\n) ^ (Gr^2 ")* Grf H\n) ^ Grf H'{n) ^ 0. 

□ 

6.4. Weighted completion of a profinite group. Weighted completion of a 
profinite group F is a variant of continuous relative completion. It is a useful tool 

as it can bo used to define weight filtrations with strong exactness properties on 
the representations of T that factor through its weighted completion. 

Suppose that F is a profinite group, is a reductive Q^-group endowed with 
a non-trivial, central cocharactcr lu : Gm/q^ — >■ R, and that p : F — >■ R{Qe) is a 
continuous, Zariski dense representation. 

The weighted completion of F with respect to p is a proalgebraic Q^-group G 
that is a negatively weighted extension 

of -R by a prounipotent Q^-group U and a continuous, Zariski dense representation 
p : F — > g{Qe) whose composition with g{Qe) — > R{Qe) is p. It is universal with 
respect to continuous homomorphisms of F to negatively weighted extensions of R 
that lift p. 

Proposition 6.4 implies that every object of the category of finite dimensional 
^-modules has a natural weight filtration and that the functor Gr^^ to the category 
of graded vector spaces is exact. 

6.5. Presentations. Suppose that F is a field of characteristic zero and that R is 
a reductive group i^-group. A generalization of Levi's Theorem ensures that every 
extension 

1 g ^ R-^ 1 

of i? by a prounipotent group splits and that any two such splittings are conjugate 
by an element of U. Such a splitting induces an isomorphism 

g^Rt<U 

that commutes with the projections to R, where the action of i? on W is determined 

by the splitting. The prounipotent radical U with its i?-action is determined by its 
Lie algebra u and the action of R on it. Thus, to give a presentation of g, it suffices 
to give a presentation of u in the category of ii-modules. 

By standard arguments (cf. [16, §3.1]), u has a minimal presentation of the form 

u^L(i7i(u))^/(imV') 

in the category of _R-modules, where h{V) denotes the free Lie algebra generated by 
the vector space V, and where tp : H2{u) — > [L(i?i(u))^, L(iJi(u))^] is an injection 
such that the composite 

H2{u) ^ [L(ifi(u))^,L(ifi(u))^] ^ A2Fi(u) 

is dual to the cup product A^ff^(u) -ff^(u). 

Suppose now that i? is a reductive Q^-group, and that co : Gm — ?■ i? is a central 
cocharacter. Suppose that F is a profinite group and that p : F — > R{Qe) is a 
continuous, Zariski dense representation. Denote the Lie algebra of the weighted 
completion of T with respect to ui and p by 5 and that of its prounipotent radical 
by u. 
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Proposition 6.8 ([20, §4.3]). If V is a finite dimensional R-module of weight r, 
then there are natural isomorphisms 



Hoinfl(i?i(u), V) ^ Homfl(Gr^ ifi(u), V) 



iii(r,y) r<0, 

r > 



and a natural injection Yiom.ii{H2{u) ,V) H'^(r,V) whenever r < 0. If r > —2, 
then Homi{(if2(u), V) = 0. 

Remark 6.9. An elementary spectral sequence argument implies that when R is 
connected 

V) ^ H°{x, Hi{u) ®V)^ RomR{Hj{u), V) 
for all finite dimensional ii- modules V. 

The following example summarizes results from [20] and will be used later in the 
paper. 

Example 6.10. Suppose that k is a field for which the image of the £-adic cyclo- 
tomic character xe '• Gk — >■ is infinite or, equivalently, that xe ■ Gk GmiQe) is 
Zariski dense. Define a central cocharacter^ co : Gm — > hy z z~'^. Denote the 
weighted completion of Gk with respect to xe and co hy Ak- It is a split extension 

1 -)• /Cfe -)■ .Afc -)■ G„ 1 

of Q^-groups, where ICk is prounipotcnt. Denote the Lie algebras of Ak and ICk by 
ak and 4^, respectively. Proposition 6.8 implies that 



Gr,^ H,{ik) 



H\Gk,Qe{s))* (^Qe{s) r = -2s < 0, 
otherwise. 



This implies that Gr^f^ flfc = and that 

Gr^2afe ^//i(Gfe,(Q,(l))*(^Q,(l). 

If fc is a number field, a finite extension of Qp or a finite field of characteristic p, 
where p ^ the image of the £-adic cyclotomic character xe ■ Gk ^ is infinite. 
When k is finite, Ak = G^. When fc is a number field, Gr^ tk is a free Lie algebra, 

[20]. 

6.6. An exactness criterion. In general, relative and weighted completion are 
only right exact. In this section we give a criterion for when weighted completion 
is exact. Suppose that 

1 — ^ TT — *- r — ^ r — 1 

is an exact sequence of profinite groups. Suppose that i? is a reductive Q^-group 
with a central cocharacter u : G^n R- and that p : F — >■ R{Q,e) is a continuous, 
Zariski dense representation. Denote the weighted completion of F and F with 
respect to p and po 4>\>y Q and Q, respectively. Denote the unipotent completion 
of TT by v. 



^This is the "right choice" because the standard representation of Gm corresponds to Q^(l), 
which has weight —2. 
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Proposition 6.11. Suppose that the T-action on Hi{'k) induces a Q-action on 
Hi(V) and thai the corresponding weight filtration on Hi{'P) has finite dimensional 
graded quotients which vanish in weights r > 0. If V has trivial center, then the 
sequence of completions 

1 — — — ^1 

is exact. 

Proof. Denote the Lie algebra of P by p. Since the action of Q on Hi (V) is induced 
by the conjugation action of F on tt, it follows that the conjugation action of F on tt 
induces an action of Q on Hi{V) = -ffi(p)- Since this action is negatively weighted, 
it follows that the action of F on p induced by conjugation induces a negatively 
weighted action of ^ on p. 

Right exactness of weighted completion implies that the sequence 

V ^1 

is exact. Since p is negatively weighted and since each weight graded quotient of 
i?i(p) is finite dimensional, each p/Wrp is finite dimensional and the group Autvy p 
of W, preserving automorphisms of p is proalgebraic as it is the inverse limit of 
the Autvi/(p/Wr). The conjugation action of F on tt induces a homomorphism 
g — >■ Autvy p such that the diagram 

TT p 

V{Qi) ^ ^(Q^) ^ (Autp)(Q£) 

commutes. Since P has trivial center, the adjoint action V — >■ Autp is injective, 
which implies that ^ ^ is injective. □ 

7. Weighted Completion and Families of Curves 

Suppose that fc is a field of characteristic zero and that C — s- T is a family of 
smooth projective curves of genus g > 2 over a smooth, geometrically connected 
fc-scheme T, or the generic point of a such a fc-scheme. Let rjj' be a geometric point 
of T and rjf^ a geometric point of C that lies over rij-. Denote the fiber of C over 
rjrp by Cjf. Fix a prime number £. Set 

and let R be the Zariski closure of the image of the monodromy representation 

7ri(T,^^)^GSp(HQj. 

Assume that R contains the homotheties.^ Then one has the central cocharacter 

(4) w : Grn R z 1-^ idij, 

which shall call the standard cocharacter.'^ 

The surjectivity of tti (C, r]^) — >■ tti (T, rjj.) implies that the monodromy represen- 
tation 7ri(C,77^) — > R{^e) is also Zariski dense. Denote the weighted completions 




''A theorem of Bogomolov [3] implies that this is always the case when fe is a number field. 
^This is the "correct" definition as H has weight —1. 
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of 7ri(C, and 'Ki{T,rjj') with respect to u) and their monodromy representations 
to R by Qc and Qt, respectively; denote their prounipotent radicals by Uc and Ut, 
respectively. 

The surjectivity of tti (C ®fe k,!]^) — >■ tti {T k, rjrp) implies that their images in 
R{Qi) are equal. Their common Zariski closure is a reductive subgroup Rs°°™ of 
R. Denote the continuous relative completions of tti (C ®fe k, rj(j) and tti (TcsJ/^; A-. r/y) 
with respect to their homomorphisms to by C/?f°™ and and their 



prounipotent radicals by U^°"^ and U^°^ . 



Finally, set tt = 'K\{Crf). Denote by tt"" its continuous unipotent completion 



Proposition 7.1. With the notation above: 
(i) There are exact sequences 



^un ^ ^geom 



ef,™'" ^ 1 



of proalgebraic Qt- groups such that the diagram 



■MCri) 



7ri(C (g)fe fc,??) 



7ri(T /c,rj) ■ 



1 



•7ri((7,^). 



1 



e) 



GciQe) 



7ri(T, 77)^1 
^ 1 

1 



Gt 



commutes. 

(ii) Every section s of tti (C, ry) — >■ tti (T, ry) induces a sections a of Qc ^ Qt 
and a^^°"^ of Q^""^ — > ^|f°™ such that the diagram 



7ri(C(g)fe k,r]') 



■7ri(T ®fc k,ri) 



■MT,r]) 



Qf°'^i 



QciQe 



commutes. 



Sketch of Proof. Exactness of the row containing Qc follows from Proposition 6.11 
and the fact [34] that tt""^ has trivial center as ifi(7r"") is a Qc module of weight 
— 1. The exactness of the row containing C/^ °™ follows from the right exactness of 
relative completion and the fact that the composite tt"" — ?■ Q^""^ — > Qc is injective. 

Since Qc is a negatively weighted extension of R, the composition tti (T, x) 
TTi{C,x') QciQe) of PC with s induces a homomorphism a : Qt ^ Qc- The 
universal mapping property of Qt implies that it is a section. □ 



Denote the Lie algebras of 

R, Qc, Qt, Uc, Ut, tt" 



by r, flc, flT, uc, ut, p, 
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respectively. All are representations of Qc- So, by Proposition 6.6, these all have 
natural weight filtrations which are characterized by the property that their mth 
graded quotient is an i?-module of weight m. Moreover, p = W^_ip and, for X = T 
and C 

3x = WoQx, W-iQx = ux and Gr^ Qx = t. 

CoroUciry 7.2. There is an exact sequence 

Gr^p Gi^ Qc Gt^Qt ^ 

of graded Lie algebras in the category of R-modules. Each section of ni{C,r]Q) — > 
7ri(T,rJy) induces an R-linear section ofGr^Qc — )• Gr^ qt- 

Proof. Proposition 7.1 implies that the sequence 

O^p-)-0c^flT->-O 

of Lie algebras is an exact sequence of ^c-modules. The result follows from the 
fact that the functor Gr^ is exact on the category of ^c-modules. The statement 
about sections follows similarly. □ 

7.1. Weighted completion of Galois groups of function fields. Suppose that 
T is a smooth, geometrically connected variety over a field k and that C — > T is a 

family of smooth projective curves over T. Set K = k{T). Let rj he a geometric 
point of C that lies over the generic point of T. 

Denote the restriction of C to the Zariski open subset U of T by Cjj- Denote 
the restriction of C to the generic point Spec i^T of T by Ck- The image of 



does not depend on U. Denote its Zariski closure by R. Assume that this contains 
the scalar matrices so that the image of the standard cocharacter (4), : z i— > 
z~^idH, is defined. Denote the weighted completion of 7Ti{Cu,t]) with respect to 
pu ■ 7Ti{Cu,r]) R{Qe) by Gc/u- Denote the weighted completion of -K\{U,fj) by 
Qu ■ Then one has the morphism of inverse systems 



Denote the weighted completion of Tri{CK,rj) with respect to pK ■ T^i{CK,r]) 
R{Qe) by Qc/K, and the weighted completion of with respect to the monodromy 
representation Gk GSp{H) by Gk- 

Proposition 7.3. There are natural isomorphisms 



Pu ■■ 7ri{Cu,v) -> 7ri([/,r/) -> GSp(iJQj 



{Gc/u}u -> {Gu}u- 




u 



u 



such that the diagram 



tti{Ck,v) 



lim TTi{Cu,v) 



Gc/xiQe) Gc/u{^t) 
commutes. Each section of ni{CK,v) — > Gk induces a section of Gc/k ~^ Gk- 
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Proof. This follows from Proposition 6.8 and the fact that the natural homomor- 
phisms 

limH'iniiCu,rj),V) ^ H*iTTiiCK,r}),V), \uaH'iTri{U,r}),V) ^ H'iGK,V) 
u u 

are isomorphisms for all finite dimensional i?-modules V. The statement about 
sections follows from the naturality of weighted completion. □ 



8. Weighted Completion of Arithmetic Mapping Class Groups 

In this section wc summarize and extend results from [23]. Throughout this 
section, g, n and m are non-negative integers satisfying 2g — 2 + n > 0, and m > 1. 
We also assume that fc is a field of characteristic zero that contains fimik), the 
mth roots of unity, and wc fix a primitive mth root of unity so that one has a 
geometrically connected moduli stack M.g^n/k [^] ■ 

Fix a geometric point rj of A1g,„/fe[m] and let Cyj be the fiber of the universal 
curve over rj. For a prime number £ and a Z^-module A, set 

HA=Hi{Cjf,Ail)). 

Assume that the image of the ^-adic cyclotomic character Xi '■ Gk ^ is infinite. 
This implies that the image of Xe '■ Gk ^ '^miQi) is Zariski dense. Since the 
diagram 

1 > MMg^^/j:[m],r]) > M-'^g,n/k[m],r]) ^ Gk ^ 1 



1 Sp(i?Qj GSp(i/Qj GmiQe) 1 

commutes and since the image of pS""™ is Sp(ilz^), which is Zariski dense in 
Sp(i?Q^), the monodromy representation 

P ■■ 7ri(A4g,„/fe[m],^) -)■ GSp{Hq,) 

is Zariski dense. 

Now take the coefficient field F to be Qg. Denote the weighted completion of 
7ri(A^g,„/fe[m], ry) over with respect to p and the standard cocharacter w : z i— >■ 
z~'^ idn by 

SM,,„/kM ^^'^ P ■ ^l(-^S,n/fcN.^) 0A4g,„/fc[m](Q€)- 

Recall that 0^^°"^ is the relative completion of 7ri(A1g with respect to its 

standard representation to Sp(-ffQ^). 

Recall from Example 6.10 that Ak denotes the weighted completion of Gk with 

respect to the i?-adic cyclotomic character xe ■ Gk ^ Gm(Q^). The following 
is an easily proved consequence of the right exactness of relative and weighted 
completions. 
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Proposition 8.1 ([23]). If2g — 2 + n > 0, then applying weighted completion to the 
two right-hand columns and relative completion to the left-hand column of diagram 

1 ^M-Mg^^/-j:[m],rj) ^ 7ri(A1g,„/fe[m],^) > Gfe > 1 



1 MHQe) ^ GSp(i/Qj GmiQe) 1 

gives a commutative diagram 

Gg,n ^ ^Mg,r./fcM ^ Ak ^ 1 



1 *- Sp(i?) ^ GSp(iJ) ^ G„ ^ 1 

whose rows are exact. 

Like the relative completion of mapping class groups, QMg „/fe[m] does not depend 
on the level m when 5 > 3. 

Proposition 8.2. If k is a field of characteristic zero and if g > 2>, then for all 
m > 1 the natural homomorphism QMg „/k[m] ~^ ^Mg n/k isomorphism. 

Proof. This is a brief sketch. Complete details will appear in [23]. Set M. = Mg,n- 
Denote the £-adic local system over that corresponds to the GSp(ifQ^)-module 
V by V. The spectral sequence 

and the fact that the map if|^(A4y^, V) — >■ H^^{■M ^^[m],Y) is an isomorphism when 

j <1 and injective when j = 2 implies that H^^{M,Y) — >■ i?|^(A4[TO], V) is also an 
isomorphism when j < 1 and injective when j = 2. Proposition 6.8 implies that for 
all GSp(iJ)-modules V the columns of the commutative diagram 

HomGSp(ff)(-ffj(UA<), V) ^ }iomGSp(H){Hj{UM[m]), V) 



W{M, V) ^ W {M[m],Y) 

are isomorphisms when j = 1 and injective when j = 2. This implies that 
Hj{uM[m]) Hj{uM) is an isomorphism when j = 1 and surjective when j = 2. 
The discussion of minimal presentations of pronilpotent Lie algebras in Section 6.5 
implies that UM[m] is an isomorphism.* □ 

Remark 8.3. The map ^|^^™ — >■ QMg „/k should be injective when g > 3. It is not 
injective when g = 1- This issue is considered in [23] where it is related to the 
crystallinity of the action of Gk on 0|^^™ when g>2. 

When the field k is clear from context, we will denote QMg n/k ^9-" ^'^d its 
prounipotent radical by Ug^n- Recall that U^'^°™ denotes the prounipotent radical of 
Qf^""^. Denote the Lie algebras of Wg,„ and'^lf""" by Ug,„ and uf°^, respectively. 



The last step is the analogue of Stalling's criterion [40] for pronilpotent Lie algebras. It follows 
directly from the discussion of minimal presentations of pronilpotent Lie algebras in Section 6.5. 
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Since Ug,„ is a 0(,,„-module (via the adjoint action) it has a natural weight filtration. 
Although it is not immediately obvious, u|^°™ also has a natural weight filtration. 

Proposition 8.4 ([23]). If2g — 2 + n > 0, then the natural action of 7Ti{A4g^n/k:V) 
on 'Ki{M.g n/k^^) "i-^duces an action of Qg n on g|°^™. That is, g|™™ and u^^°™ are 
pro-objects of the category of Qg n-modules and thus have natural weight filtrations. 

Remark 8.5. We will be appealing to computations in [15] where a weight filtration 
on is constructed using Hodge theory. The weight filtration on flf^^™ used 

in this paper is constructed using weighted completion. In order to apply the 
computations of [15] in this paper, we need to know that these two constructions 
of the weight filtration agree. General results imply that this is the case. However, 
in the present situation, a direct argument can be given when g > 3. The starting 
observation is that in both constructions -ffi(p) has weight —1. The exactness 
of Gr^ then implies that W^_r-p is the rth term of its lower central series, which 
implies that the two constriictions of the weight filtration of p agree. In both 
constructions, u|°°™ = W-iQf^""^ for all n > 0. Thus, to prove equality of the two 
constructions, it suffices to show that they agree on u|^°™. When g >3, Johnson's 
computation of the abelianization of the Torclli group [26] implies that the map 
Hi{Ug^i) — >■ Gr^f^Derp is an isomorphism. This implies that Hi{Ug^i) is pure of 
weight —1 in both constructions. The injectivity of the natural map 

induced by Mg,n (Mg.i)^ when n > 1, and the surjcctivity of _H'i(Ug,i) — >■ 
Hi{Ug) imply that Hi{ug,n) is also pure of weight —1 for all n > 0. The exactness 
of Gt^ now implies that W-rUg,n is the rth term of the lower central series of Ug,„ 
for all n > 0. The two construction therefore agree. 

8.1. Variants. The constructions and results above extend to other moduli spaces. 

Here we consider one, namely the nth power of the universal curve C^^^[m] over 
Mg/k[m]. Others will be constructed in subsequent sections, as needed. As above, 
one has the homomorphism 

p:7ri(QJm],^)^GSp(FQ,) 

which is Zariski dense. Denote the weighted completion of tti (C^^^, [m] , ^) with 
respect to p and u by ^c^^^fm]- As in the case of A1g^„/fe[m], it does not depend on 
m when 17 > 3. We will henceforth denote it by Qg ^ and its prounipotent radical 
by l^g,n- Denote their Lie algebras by 2g,n and Ug,n) respectively. 

We will denote the completion of Tri{C" -r[m],r]) with respect to the natural 

9/ k 

homomorphism to Sp(ifQ^) by ^|^^™. It too is independent of m when g >3. 

The inclusion Mg^n/ki'm] ^g/fe['^] induces a homomorphism Gg,n — ^ Og,n- And 
one has the commutative diagram 

fn"" eg,n > Ak ^ 1 



e^fn'" ^ Sg,n ^ A ^ 1 

with exact rows. 
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8.2. Basepoints. Observe that M.g^n/k is a Zariski open subset of C^y^,. Denote 
their common generic point by r] and let to be a geometric point that hes over it. 
Denote the image of ^ in Mg/k by r^^ and the image of fj in M.g^i/k under the jth 
projection Mg^n/k Mg,i/k by Xj. 

Denote the fiber of the universal curve over by C. It has the n-rational 
points xi, . . . ,x„. The fiber of the projection C^y^, — > Aig/k over rj^ is C" and has 
basepoint := (xi, . . . ,Xn) & C". The natural map C^y^ — > (M.g^i/k)"' takes the 
basepoint r] of C"/^. to the basepoint x^j of (A^g^/fc)". 

8.3. Exactness. The "fat diagonal" A of C" is the union of the divisors Ajj, where 

Aij := . . . , m„) : = wj, i ^ j}. 

Observe that G C" — A. The maps Mg^n/k ^g/k ~^ (-^g.i/fc)" iiiduce a 
commutative diagram 

1 >7ri(C" - A,x7j) ^7ri(7\4g_„/fe,^) ^ 7ri(A1g/fe, %) > 1 

1 ^ n^=i 7ri(C,Xj) ^ MCg/k'V) ^ M-Mg/k,r]o) ^ 1 

diag 

1 ^ n"=i 7ri(C,Sj) ^ n"=i 7ri(A1g,i/fe,Sj) ^ M-Mg/k,VoT ^ 1 

with exact rows.^ Denote tti (C" — A, x^^) by iTg^n and the Lie algebra of its unipotent 
completion over Qi by pg.n- Denote the Lie algebra of 7ri(C,Xj)"" by pj and the 
Lie algebra of 'm{Mg^i/k,Xj) by g^^^. 

Observe that the weight graded quotients of Qg^n and are Sn x GSp(if)- 
modules, where the Sn-action is induced by action of 5„ on C^^^ that permutes the 
n points. 

Proposition 8.6. Suppose that g >2. After applying weighted completion to this 
diagram, we obtain the commutative diagram 

^ Pg,n ^ 3g,n > 9g > 

^ 0^=1 Pj ^ 9g,n ^ 99 ^ 

diag 

©;=i pj ©;=i 0^^] (0,)" — - 

with exact rows. After applying Gr^, the rows are exact sequences of Sn x GSp(i?)- 
modules. Moreover, the same statements holds with g replaced by gseom 

diagram,. 



The exactness of both rows is follows from the fact that the center of tti (C" — A, x^j) is trivial 
for all n > 1 when g > 2. The argument in the profinite case uses [1] and is essentially identical 
with the argument in the discrete case, which can be found in [2, Lem. 4.2.2]. 
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Sketch of Proof. The conjugation action of 7ri(A^g rj) on 7ri(C"' — A,x.jfj in- 
duces induces an action of Qg^n on Hi{pg^n) which has weights —1 and —2, and 
is therefore negatively weighted. The exactness of the first row now follows from 
Proposition 6.11 as pg,„ has trivial center [34, p. 201]. The corresponding statement 
with Q replaced by gseom follows from the right exactness of relative completion and 
because the composite pg,„ — >■ 0g,n is injective. 

Right exactness of relative and weighted completion implies that the second row 
is right exact. To prove that it is exact, we use the map rj : Cg -Mg,! defined by 
rj : {xi,. . . ,Xn) Xj. It induces a commutative diagram 

0"=1 Pj ^ 3g,n ^ fls ^ 

prj 

> Pj ^ 09,1 ^ 09 ^ 

where prj denotes projection onto the jth factor. Proposition 7.1 implies that the 
bottom row of this diagram is exact. It follows that the top row of this diagram 
(i.e., the second row of the diagram in the statement) is left exact. 

The exactness of the third row is a consequence of the exactness of the first row 

of the diagram in the case n = 1 . □ 

Recall that for a fixed curve C, the Gr^pj are naturally isomorphic. Denote 
their common value by Gr^ p. 

The computations in [15, §12] imply directly that Grl^i pg,n is the S„ x GSp{H)- 
module iJ". They also imply that GT^2pg.n — > (Gr'^^j P)" is surjective with kernel 
isomorphic to 0j<jQ«(l), where the ijth factor is generated by the logarithm^" 
of a loop that encircles the ijth diagonal Aij. Combined with the previous result, 
this gives: 

Lemma 8.7. If g >3, then 

Gr^ Ug.n ^ Grf and Grf u^^^ ^ Grf a^;'"™ 

are isomorphisms when r = — 1 and is surjective when r = —2, both with kernel 
isomorphic to the Sn x GSp{H)-module 0j<j Q^(l), where 5„ acts by permuting 
the factors}^ 

Suppose that n > 1. Set tt := 7ri(C%,3;i). Define p to be the Lie algebra of 
tt""^. Then 7ri(A^g^„//c[m], ry) acts on n via the first projection 7ri(A1g^„/fe[m], 77) 
'jri{Mg^i/k[m],x-i). This induces an action of Qg^n on p, so that p also has a natural 
weight filtration. This action induces a Lie algebra homomorphism — >■ Derp 
which preserves the weight filtration as it is t/g,„-equivariant. 

Proposition 8.8. If g > 3, the homomorphism Ug_i Derp induces natural 
homomorphisms 

Gri^ u^^'r ^ Grf Ug,i ^ Gr^ Derp ^ Der Gr^^ p. 

of Lie algebras in the category of GSp{II) -modules. For all n>0, the natural map 

n-r^ i.geom f^r-W 



Every element of a prounipotent group over a field of characteristic zero has a unique 
logarithm. 

^^In case there is any confusion, the transposition («, j) acts trivially on the ijth factor. 
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is an isomorphism. In weight —2 there is a short exact sequence 

geom II 



^ Gr^2ufr ^ Gr^2%« ^ Jy^(Gfc, Q,(l))* ® Q,(l) ^ 0. 



Proof. Right exactness of weighted completion and the exactness of GrJ^ imply 
that the sequence 

Grf u«;T ^ Gr)^ ^ Gr^ Ofe ^ 
is exact for all r. Recall from Example 6.10 that 



r = -1 

H\Gk,Qi{l))*®Qe{l) r = -2. 



The map Gr^u|^°™ — > Gr^Ug,„ is therefore surjective when r = — 1 and has 

cokcrncl H^iGkAdW Qe{l) when r = -2. 

The computations in [15, Sects 9, 10] imply that the homomorphism 

Grf u^;'°'"^DcrGr,^p 

is an isomorphism when r = — 1 and injective when r = —2. This completes the 
proof of the result when n < 1. 

When n > 1, Proposition 8.6 and the n = 1 case imply that Gr^u|^°™ ^• 
Grjf Ug^n is injective. The result now follows from Lemma 8.7. □ 

9. Generators and Relations 

The proofs of our main results make essential use of the of the structure of 
Gr^ u|^°™/W_3 as a graded Lie algebra in the category of Sn x GSp(i?)-modules. 
In this section we compute presentations of these Lie algebras. These results are 
refinements and elaborations of computations in [15, Sects. 11 & 13]. 

9.1. Representations of Sp{H) and GSp{H). This is a quick review of the rep- 
resentation theory of GSp{H) over Q, which is needed in subsequent sections. A 
good reference is the book [8] of Fulton and Harris. Throughout if is a finite di- 
mensional Q-vector space which is endowed with a unimodular, skew symmetric 
bilinear, GSp(-ff )-invariant bilinear form 6 : H ^ H ^ Q(l)- Since both groups 
are split over Q, all of their irreducible representations are absolutely irreducible. 
The representations of GSp(fl') and Sp{H) over a field F of characteristic zero are 
obtained from their representations over Q by extension of scalars. 

The standard cocharacter ui : z i-^ idn assigns a weight w{V) to each irre- 
ducible GSp(i?)-module V. The defining representation H has weight —1, which 
implies that H^"^ has weight — r. As wc recall below, the irreducible GSp(iJ) mod- 
ules are constructed from i/®^" using the symplectic form 9 : H^"^ — Q(l) and the 
action of the symmetric group Sr, which acts on il®'" by permuting the factors. 

Recall from Section 4.1 that Q(r) denotes the 1-dimensional representation of 
GSp{H) with character r'' : GSp(if) ^ Gra- Since the composite of the character 
r : GSp{H) — > with the standard cocharacter 

Gm ^ GSp{H) ^ Gm 
is a; x~^, Q(r) has weight — 2r. For any GSp(iI)-module V, set 

V{r) = F0Q(r). 
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We will call this a "Tate twist" of V. If V has weight w, then V{r) has weight 
w — 2r. 

For 1 < i < j < r, define % : H^"^ i7®(^-2)(i) to be the map 

9ij : xi (S) ■ ■ • ® Xr >^ 9{xi,Xj)xi CSi ■ ■ ■ ® Xi ^ ■ ■ ■ ® Xj ® ■ ■ ■ ® Xn 
that contracts the ith and jth factors using 9. Set 

= f]kei9ij. 

i<j 

This is a GSp(F) x 5*^ submodule of F®''. 

The isomorphism classes of irreducible S'r-modules are parametrized by parti- 
tions 

A = [Ai, A2, . . . , As] 
of r into s <r parts, where Ai > A2 > • • • > A., > 0. Define |A| by 

|A| :=r = Ai + A2 + --- + As. 

To see how a partition A of r gives a GSp(if)-module, choose an irreducible Sr- 
module W\ that corresponds to the partition A and a non-zero element w\ of it. 

Set S^H = Homs,,(VKA,i?®''). This is a GSp(ff)-module which we will identify 
with the image of the map lloms,.{Wx, H^^) H®^ that takes </> to (i>{w\). Define 

This is a GSp(i?)-modulc of weight — |A|. Note that H\{r) has weight — |A| — 2r. 

Set g = dim H/2. The basic general facts we need from representation theory are 
summarized in the following result, which can be deduced from standards results, 
such as those presented in [8]. 

Theorem 9.1. The representations Hx{r), where r G Z and X is a partition of 
a non-negative integer into < g parts, is a set of representatives of the isomor- 
phism classes of the irreducible GSp{H) -modules. Each remains irreducible when 
restricted to Sp{H); every irreducible Sp{H)-module arises in this way. Two ir- 
reducible GSp{H) -modules H\{r) and H\i{r') are isomorphic as S\){H) -modules if 
and only if X = X' . 

9.2. A presentation of Gr^ p. Here p denotes the Lie algebra of the unipotent 
completion of the fundamental group of a smooth complex projective curve of genus 
g > 1. Its natural weight filtration is defined over Q as T4^_rp is the rth term of its 
lower central series. We recall the presentation of Gr^p. Recall that ^ is a map 
Q(l) — )■ A^H. It will be regarded as a map 9 : Q(l) h2{H) via the canonical 
identification L2(i?) ^ A^H. The next result follows directly from a fundamental 
result of Labute [32] . It also follows from Hodge theory via the main result of [5] 
or by the more motivic argument in [15, Thm. 5.8]. 

Proposition 9.2. If g > 1, then the weight filtration of p equals its lower central 
series. There is a natural GSp{H)-equivariant Lie algebra isomorphism 

Grf p ^L(if)/(im^). 

Inner automorphisms act trivially on this isomorphism, so that it does not depend 

on the choice of a basepoint. 

A direct computation using the method of [15, §8] and the fact (cf. [30, (4.1)]) 
that H*{Gx^p) ^ H'{n,Q) yields: 
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Corollary 9.3. If g > 1 andl<r <6, then {Gr^^pfP'^"^ = 0. 

Proof. When 5 = 1, p is abelian and the result is trivially true. Suppose that 
g > 2. The trivial Sp(iI)-module can occur in Gr^^p only when r is even. So 
we need to check that there arc no copies of the trivial representation in Gr^ p 
and Gr!^4p. The proof of [15, Prop. 8.4] implies that for aU g > 2, Gr^f^p = H, 
Gr^2p = A^if/ im^, and that Gr^^^gp is the irreducible Sp(iJ)-module that is the 
highest weight part of H®A?H , which is isomorphic to H[2,i\ ■ Each is an irreducible 
Sp(i?)-module. The case r = 2 follows. When r = 4, [15, Cor. 8.3] implies that 

[Gv'^i p] = [Gr^^i p ® Gr^^a p] + [A^ Gr^2 P] - [^^-2 P ® Gr^^ p] + [A^ Gv^^ p] 

in the representation ring"'^^ of Sp(-ff). Schur's Lemma implies that the first two 
terms do not contain a copy of the trivial representation and that the third term 
contains one. The decomposition 



if[i4] e if[i2] e Q g>4, 

H[i2^ e Q g = s, 

Q 5 = 2, 



into irreducible Sp(iJ) modules implies that the fourth term contains one copy of 
the trivial representation. The result follows. □ 

The same method can be used to show that dim(Grl;^^p)^P(^) = 1 for all g >2. 

9.3. Frequently used GSp(i7)-modules. Several GSp(iJ)-modules play a signif- 
icant role in this paper. All are of weight —1 or —2 and are Tate twists of the rep- 
resentations that correspond to the partitions [1], [1^] := [1,1], and [1^] := [1,1,1]. 
We first define integral models of each as we will need them in the genus 3 case. 

The form 9 will be a unimodular, skew-symmetric bilinear form on Hz and gives 
rise to a GSp(if)-equivariant mapping A'^Ha — >■ ^(1) for all commutative rings A. 
The dual form 9, defined in Section 4.1, will be regarded both as an equivariant 
map 9 : A(l) — ;> A^Ha and as an element of A2i7^(-1). Set 

AIHa := A^ Ha/ im9 and AgiJ^ := {A^Ha){-1)/9 A Ha- 

When ^ is a field of characteristic zero, AqHa and AqHa are the irreducible 
GSp(iI)-modules H[i2] and iJ[i3](— 1). These have weights —2 and —1, respec- 
tively. 

Lemma 9.4. If A is an integral domain of characteristic zero, then the short exact 
sequence 

(5) > A{1) A^Ha ^ AIHa > 

of GSp{H a) -modules splits if and only if g € A^ . The short exact sequence 

(6) Ha — (A^Ha) (-1) A^Ha 

of GSp{H a) -modules splits if and only if g — 1 e A^ . 



^■^The class of the G- module V in the representation ring of G is denoted by [V] . 
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Proof. We will prove the lemma for the exact sequence (6). The proof for exact 
sequence (5) is similar and is left to the reader. The map c : A^Ha — > ^^^(1) 
defined by 

c: X Ay A z 1-^ 6{x, y)z + 9{y, z)x + 6{z, x)y 
is GSp(i?^)-equivariant. Its composition coj with the inclusion j : -ffA(l) ^ ^^Ha 
is {g - 1) times the identity of Ha{1). If g - 1 € A"" . Thus c/{g - 1) splits (6) 
twisted by A[l). 

Suppose now that s : A^iJ^(— 1) — >■ Ha is a splitting of (6). Denote the fraction 
field of A by F. Since F has characteristic zero, Hp and K^Hp are irreducible 
GSp(-ffF)-modules and the splitting of {Q)®aF is unique, and so must be c/{g — l). 
This, and the fact that A is a domain, imply that s = c/{g — 1). Since is 
unimodular, the image of c/{g — 1) : A^iJ^(— 1) — >■ Hp is contained in Ha if and 
only ii g -1 e A^. □ 

The lemma implies that for all fields F of characteristic zero 

A^Hp ^ A(l) © AlHp and {A^^Hp){-l) ^ Hp ® A^Hp 

We fix these isomorphisms to be the ones given by the unique GSp(i?)-invariant 
splittings of the sequences in the lemma above. From this point on, we will write 
H instead of Hp when F is a field of characteristic zero. The default field of 
characteristic zero in this section will be Q. In later sections it will be Q^. 
Another representation that will occur, but which plays a minor role, is 

VfB :=ff[2,2](-l), 

which has weight —2. The representation H^2,2] is the highest weight part of the 
second symmetric power of AqH. 

Kabanov's stability result [27] implies that when g > 6 the decomposition of 
A^AqH is independent of g in the sense described in [15, §6]. Because of this, one 
can compute this decomposition for all 5 > 6 by computing it when g — Q. The 
following computations were made using the computer program LiE. 

Proposition 9.5 (cf. [15, Lem. 10.2]). If g > 3, then each irreducible GSp{H) 
module that occurs in A'^AqH occurs with multiplicity one. When g = 5, 

A^AlH) = q{l)®Va; 

when 3 > 4, 

A\AlH)DQ{l)®AlH®Va. 
Moreover, the representation H^AqH contains a unique copy ofA^H for all g >3. 

9.4. Presentation of Gi^ uf;""" /W-3- The Lie algebra Gt^ u^^^"" /W-3 can be 
computed by considering its action on Gr^p. 

Our first task is to determine Gr^ Dcr p/VK_3. Fix a field F of characteristic 
zero. Denote the free Lie algebra generated by the i^- vector space V by L(y). 

The free Lie algebra L(y) is graded by bracket length: 

L(y)-0L„(y). 

Observe that the derivation Lie algebra Der L(il) is isomorphic to IIomir(iI, L(fl')) 
and is also graded: 

DerL(if) = 0Der„L(if), 

n>0 
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where Der„L(7J) := Honi(iJ, L„+i(i/)). Observe that there are natural GSp{H)- 
actions on L((A^i?)(— 1)) and DerL(iJ). The following fact is well-know, but we 
prove it because of its importance in this paper. First note ii x,y € H, then 
9ix,y)0 e A'^H. 

Lemma 9.6. If g > 2, there is a natural GSp{H)-equivariant, graded Lie algebra 
homomorphism 

S : L((A3iJ)(-l)) ^ DerL(i?) 

such that 

(i) S{u) annihilates the image of 9 for all u £ L((A''i?)(— 1)); 

(ii) 5{x Ad) = adx -0{x, )0 for all x € H. 
Moreover 

im {La ((A^if )(-!)) Rom{H,-L3{H))} ^ Vs ® A^H ® F{1). 
Proof. It suffices to define a GSp(-ff)-equivariant linear mapping 
A^H [DeriL(if)](l) = Hom(i?,L2(if)(l)). 
This homomorphism is defined by 

(7) 6 : X Ay A z : ui-^ 0{u,x)[y,z] + 9{u,y)[z,x] + 9{u,z)[x,y]. 

The identities are easily verified. □ 

Since each element of L((A^ff)(— 1)) annihilates im^ G h2{H), 5 induces a 
GSp(ff)-equivariant graded Lie algebra homomorphism 

S : L((A3iJ)(-l)) ~> DerGr^^p. 

Theorem 9.7 ([15, Cor. 5.7 and §11]). // g > 3, then there is a Lie algebra 
surjection 

q:mA'H){-l))^Gr^uf;r 

such that the diagram 

L((A3iJ)(-l)) ^ ^ Gv^ufJ"" 




Gr^ Derp 

commutes. It induces isomorphisms 

(8) Gr,^ufr^Gr,^Derp~ J^"^'^^^"^^ = 



\Va®AlH r = -2. 



The isomorphism Grl^iDerp = A^iJ(— 1) when (/ > 3 is a manifestation of 
the Johnson homomorphism [26]. It is induced by the homomorphism (7). The 
composition of 6 with inclusion i : H ^ {A^H){—1) defined by a; i->- a; A ^ takes 
X € H to the inner derivation ad^ of p. Identify the copy of AqH in Gt^2 Der Ug^°™ 
with the image of the mapping 

A2((A3//)(-l)) ^ Gr^2 u^!r- 

induced by the bracket. 
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Since the isomorphisms (8) factor through the map Gi^ Ug'^i™ Gr^*" Ug^i, we 
conclude: 

Corollary 9.8. Ifg>3, then Gr^ ufj"" -)■ Gi^ Ug,i is injective when r = -1, -2. 
We also need to understand the bracket 

(9) Grl^i u^y"^ ^ Gr5^2 ufj"" 

With respect to the decomposition {A^H){—1) = H ® J^H, the bracket has three 

components: 

(10) K^H Gr^2 Derp, H ® Gr^^ Derp, 1^^{J^IH) Gi^^ Derp. 

Each is GSp(-ff )-equivariant. These can be computed in DerGr^p. 

Proposition 9.9 ([15, §12]). When g >3, the images of the three components of 
the bracket (9) are: 

im {K^H Gv^2 Derp} = A^iJ, 
\m{H® KIh Gr^^ Der p} = A^ff, 

iFffl 5 = 3, 



im {A^{KlH) GvZ2 Derp} 



Remark 9.10. The genus 2 story is very different for several reasons, one of which 
is that every genus 2 curve is hyperelliptic. On the representation theoretic side 
h?H = H{1); the image of the homomorphism L(A^iJ(— 1)) Derp is the set of 
inner derivations and the image of Gv^ 1X2^1 — >■ Gr)i^Derp is generated by this and 

by the copy of in Gr'^2 Derp. 

9.5. Presentations of Gr^^ u8^°'^/l^_3 and Gr^^ u|;^°'"/W_3. The computations 
of the previous section combined with the results of Section 8 yield computations 
of Grl;^ u|^°'"/W"_3 and Gr^^ u|f°'^/W_3- 

Denote the image of u € h^H in {KqH){\) by u. For a positive integer n, define 

KlH = {(wi, ...,«„) G (A^iJ)" : Ml = • • • = u„}(-l) ^ hlH e jy®" 

This has weight -1. Note that K\H = {K^H){-1). The following result is proved 
later in the section. 

Theorem 9.11. If g > 3, then for all n > there are natural Sn x GSp(il)- 

equivariant isomorphisms 

There is an exact sequence 

^ Q,(1)(S) ^ Gr^2 <r ^ Gv^2 u^?r ^ 
of Sn X GSp{H)-modules and a Sn 'x GSp{H)-equivariant isomorphism 
Gr^2 uf:r = VBi® {KlHT ® 
Our next task is to describe the bracket 

bracket : A^ Gv^^ Gv^^ ^f,T- 

We do this by describing its "matrix entries" . To this end, write 
Gr^i uf^"^ = KlH = AlH®Hi®---®Hn 
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where the jth copy Hj of H corresponds to the jth point. Write 

n 

i<j j=l 

This isomorphism is chosen so that the bracket 
is the quotient mapping and so that 

is the polarization 9. That this is possible follows from [15, §13]. Let 

Pi : Gr^^^us;^ ^ KH, Qij : Gr^^^r ^ Qe{l), Pm : Gr^^^n" ^ 
be the corresponding projections. 
Note that 

n n 

(11) Gr'!; uf^"^ ^ A^AlH © 0(i?,- O AIH) A^F, © iJ^ ® Hj 

j=l j=l i<j 

Choose GSp(iI)-equivariant projections 

c : A^AgiJ ^ AlH, d : iJ © Aj^i/ ^ A^H, 

e : A^i? ^ AlH, ^ : A^A^H Qeil)- 

Here, and in the following definition, g > 3 except in the definition of c where 
g > 4:. Proposition 9.5 implies that each is unique up to a scalar multiple. Denote 
the GSp(iI)-invariant projections 

A^ Gr^^ uf;""" A'^A^H 4 A^iJ g>4 

A^ Gr^^i uf^'"" Hj O AlH 4 AIH 

A^ Gv^^ uf""^ A^Hj A AlH 

A^ Gr'!; uf^"^ ^Hi^ Hj A AIH 

A^ Gr^i uf^r ^ ^^Hi A Qdl) 

A^ Gr^i uS-- ^Hi^ Hj A Q^(l) 

(12) A^ Grfi u|;=r ^ A'A^if ^ Q^(l) 

by c, dj, Bj, Bij, 9i, 9ij and tp, respectively. For convenience, we define c to be zero 
when 5 = 3. Proposition 9.5 and (11) imply: 

Proposition 9.12. If g > 3 and n> 0, then 

Homsp(H)(A2Gr'fiU^--,A^if) 

has basis 

{di, . . . ,d„,ei, . . . ,e„} U {e^j : 1 < i < j < n} g = 3 
{c,di,. . . ,d„,ei, . . . ,e„} U {e^ : 1 < i < j < n} g>i 

and 

Homsp(H)(A2Gr!^iuf--,Q,) 
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has basis 

{ip,eij :i<i<j <n}u{ei,...,en} 

for all g >3. 

The bracket of Gr^ is determined by: 

Proposition 9.13. Ifg>3, then, after rescaling tp, c and d by non-zero constants 
if necessary, 

Pj o bracket = dj + ej 5 = 3 

Pj o bracket = c + dj + 5 > 4 

Qij o bracket = ip + 0ij 5 > 3. 

In addition, o bracket is non-zero and vanishes on each Hj (g) AqH and each 
Hi (g) Hj, where i < j. 

The bracket of Gr^ is obtained by ignoring the Q^(l) factors. 

Proof of Theorem 9.11 and Proposition 9.13. Lemma 8.7, Theorem 9.7 and Propo- 
sition 8.6 imply that 

Gr!^iU^-- = Gr^iu|--^A3if 

and that 

Gr^2 = Va® (K^T and Gi^^ ^f:^ = Vs® (K^T ® Q^(l)(^^ 
The bracket of GrJ;^ u|^°'^/VF_3 is computed using the homomorphism 

Grfus^"'-^ (Grfu^^D" 

induced by the inclusion C^/f. (-^3,i/fc)"j which is injcctivc. The computation 
of the bracket in this case follows directly from Proposition 9.9. The surjcctivity of 
"f^n" "f?™"" implies that, to compute the bracket in Gi^ uf""^ /Ws, we need 
only compute the Q^(l) component. This is determined by the bracket in Gr^ Pg,n, 
which is computed in [15, §12]. □ 

10. The Lie Algebra 5g_„ 

In this section we associate a graded, 2-step nilpotent Lie algebra 5(ut) to the 

base T of a family of smooth projective curves with Zariski dense monodromy 
representation tti{T, to) — > GSp{HqJ. This Lie algebra is a useful tool for studying 
the existence of rational points. When applied to M.g^n/k or C^/^) it gives the Lie 
algebra J)g,„. The main result of this section is that, when g > 4, sections of the 
natural projection 'Og^n+i ^g.n correspond exactly to the n tautological sections 
of the universal curve over Mg_n/k- 

Unless mentioned to the contrary, all Lie algebras in this section will be over the 
coefficient field F, which has characteristic zero. The most common choices in this 
work are F = Q, Q^, C. 



Explicit formulas for these projections can be deduced from the formulas in [15, §11] , although 
we shall not need them. 
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10.1. The functor d and the Lie algebra c)g,n- Suppose that G is an extension 
of GSp(-ff) by a prounipotent group that is negatively weighted with respect to the 
standard cocharacter oj, such as Gg,n- 

For a Lie algebra u in the category of G- modules, define 0(u) to be the Lie algebra 

9(u) = (Grr(VF-iu/VF_3))/(A2ir)^ 

where (AQ_ff)-'- denotes the GSp(iJ)-invariant complement in Gr^2 ^ of its AqH- 
isotypical component. It is a two-step, graded, nilpotent Lie algebra in the category 
of GSp(if)-modules whose rth graded quotient is 



5(u) 



GrlTi u r = -1, 

Gr^2u/(A2if)^ r = -2, 
r^-1,-2. 



Definition 10.1. Suppose that 5 > 3 and n > 0. Define J)g,„ = t>(u|^°"). This is 
a Lie algebra in category of 5„ x GSp(iI)-modules. 



This satisfies 

(fg,n)r = 




r = -l, 

2tT\n r=-2. 



Note also that £)g,o is an abelian Lie algebra isomorphic to A^H. 

Proposition 8.8 implies that for all g > 3 and n > 0, the natural map u|°°™ — >■ 
Ug^n induces an Sn x GSp(if)-equivariant Lie algebra isomorphism 

(13) 5g,„ = J)(u^--)^0K„). 

Denote the universal complete curve over Mg^n/k by Cg^n/k- This is a Zariski 
open subset of the (n + l)st power C^^^} of the universal curve over J^g/k- Index 

the copies of the universal curve by integers j between and n. Label the points so 
that the projection Cg ^jk ~^ J^g,n/k takes [C; xq, . . . , Xn] to [C; . . . , Xn]- This 
projection is 5„-equivariant, where Sn acts by permuting the points {a;i, . . . ,a;„}. 
Note that Mg^n+i/k is a Zariski open subset of Cg^^jk- A useful property of the 
functor 0, which is proved below, is that, when 5 > 3, the inclusion M.g^n^\ ^ Cg,„ 
induces an isomorphism on 5(u). 

Choose a geometric point r\ of A^g,„+i/fe. Assume that xi : Gk ~^ has 
infinite image. Denote the Lie algebra of the weighted completion of ^K\{Cg^n|k■,^) 
with respect to the monodromy representation to GSp(if) by 0Cg,„ and the Lie 
algebra of its prounipotent radical by Uc^ „ . Denote the Lie algebra of the relative 



completion of 7i'i(C^^^y^, 77) by 0Co°™ ^^'^ *be Lie algebra of its prounipotent radical 

oin 

Xn 



1 ffcoin 

by ug 



Proposition 10.2. If g > 3 and n > 0, then the inclusion ^Ag^n+l ^ Cg,n/k 
induces GSp{H)-equivariant Lie algebra isomorphisms 

0g,„+i := ) - - t)(ur;:") - o(uc_) 

The first isomorphism is Sn+i-equivariant; the remaining two isomorphisms are 
Sn-equivariant. 
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Proof. We first prove the arithmetic case. Consider the diagrara 

■Mg^n+l'^ ^ Cg,n 




M 



9,n 



where tt and tt' both take {xq, ■ ■ ■ ,Xn) to (xi, . . . ,a;„). The fiber of tt' is an n- 
punctured curve. Choose compatible basepoints for all three spaces. Denote the 
unipotent completion of the fiber of tt' over the basepoint of A1g,„ by p'. Then one 
has the commutative diagram 



0- 



-^0 



0- 



-^0 



whose vertical maps are surjective. Exactness of the second row follows from Propo- 
sition 7.1; exactness of the first row follows from Proposition 6.11 because p' is free 
and therefore has trivial center, and because -ffi(p) has weights —1 and —2. The 
diagram implies that 

Gr!r2ker{ug,„+i ^ Uc„J = Gr^^ kcr{p' ^ p} ^ 0^(1)""^ 

from which it follows that 0(ucg „) — 5(ug^„+i) = dg^n+i- The proof that 0(u|''°™) = 
3(Ug°°™]^) is similar and is left to the reader. The result now follows from (13). □ 

Corollary 10.3. Each section x of the universal curve it : Cg^n/k ~^ M.g,n/k induces 
a well defined section ofdg^n+i ^g,n- 

Proof. Proposition 7.1 implies that each section x of the universal curve induces a 
section (7x of TT* : Qcg „, ^ Gg.n that is well defined up to conjugation by an element 
of V := kerTT*. The section x therefore induces a section dcx of d7r* : 0Cg,„ — ^ Qg,n 
which is well defined up to addition of a section of the form ad„ oax, where w G p := 
kerdTT*. Since p = W_ip, the sections da^ and dcr + ad^ ocjx induce the same section 
of Grf flc„„ ^ Gr^ and therefore of Gi"^ Uc^^/W-^ ^ G^"^ Ug,„/M^_3. The 
result now follows from Proposition 10.2. 

Equality with the geometric case follows from equation (13) for ^Ag^n+\■ D 

10.2. Splittings. Elements of A^iJ will be denoted by (f; iti, . . . , m„), where v € 
AqH and uj £ H. When the role of v is clear, it will be omitted. For all n > 0, the 
linear mapping 

Gr_;^ dg^n+i ~^ t)g^n 
defined by {uq, . . . , Un) i-)- (ui, . . . , u„) induces a GSp(i?)-equivariant homomor- 

phism e„ : dg^„. 

Proposition 10.4. If g > 4, then there are exactly n GSp{H)-invariant sections 
of Cn- When n>l, these are defined by 

Sj : (ui,...,u„) !-)■ {uj,Ui,...,Un) j = l,...,n. 

When g = 3, the sections of e„ are si, . . . , s„ and the section 

Cn ■■ {Ul, . . . ,U„) !-)■ (0,Mi, . . .,U„). 
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Proof. Suppose that n > 1 and that g > 3. Suppose that s : dg^n ^g,n+i is a 
GSp(7?)-invariant section of e„ : 5g,n. Since H is an irreducible GSp(i?)- 

module, Schur's Lemma impUes that the restriction of s to the subgroup H"^ of 
is of the form 

s{ui,...,Un) = {jy^^iajUj,Ui,...,Un) 

for some ai, . . . , a„ G F. Since e„ is the identity on AqH, s is as well. So, since the 
bracket 

Hj AlH KlHj l<j<n 

is surjective, the map 

AlHj AlHo l<j<n 
induced by s must also be multiplication by aj. 

Lemma 10.5. If g > 3 and v', v" G AqH and that u'i,u'{, . . . , u'^, u'^ G H, then the 

component of 

[s{v'; u[, <), s{v"; u'l, <)] - s{[{v'; u[, . . . , <), {v"; u'l, <)]) 
in AqHq is 

(14) (1 - Ej aMv' A v") + - aj)ej{u'j A u'!) + Y.i^. aiajetM A u'J) 

Remark 10.6. This result is reinterpreted in terms of non-abelian cohomology in 
Lemma 18.2. 

Since s is a section, the expression (14) must vanish. This implies that af = a.j 
for all i and that OjOj = when i ^ j. That is, each G {0) 1} and at most one 
is non-zero. When g > 4, c ^ 0. Consequently, we have the additional equation 

n 

which implies that exactly one of the aj is non-zero. This proves the result when 
g > 4:. When 5 = 3, c is zero and we also have the section ^„ where all aj are 
zero. □ 

Proof of Lemma 10.5. Proposition 9.13 implies that 

Po{[s{v'; u[,..., <), s{v"; u'l, <)]) = c{v' A v") 

+ ^ aj{dj{v' <S) u'-) - dj{v" ® u'j)) + ^a|ej(-itj- A u'-) + ^ aiajeij{u'i A u'-) 

3 3 i¥=3 

and that 

Po o s{[{v'; m'i, . . . , O, {v"; u'l, <)]) 

= aj(e(wj A u'l) + d{v' Cg) u'^) - d{v" u'j) + c{v' A v")). 
3 

The expression (14) is their difference. □ 
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10.3. Genus 3. As we have seen, the section C„ of c)g,n+i ^g,n exists only when 
g = 3. This exceptional section occurs because A^AqH docs not contain AqH when 
g = 3. To circumvent this problem, we consider a natural integral structure on 
Grl^]^ Ug,n that comes from the image of the TorcUi group in Ug,n- This will allow 
us to prove that ^„ cannot be induced by a rational point. 

Suppose that A is an integral domain with fraction field F. Recall that 

AIHa := {A^HA){-l)/e AHa = im{A^HA ^ AlHp}. 

For a positive integer n, define a lattice in A\Hp by 

AIHa = {(wi, ...,«„) e {A^HaT : = • ■ • = 

Define the projection r : A^^^Ha — > ^n-f^A by r : (uq, ui, . . . , Un) [ui, . . . , u„). 
The following is a straightforward generalization of Lemma 9.4. 

Lemma 10.7. Suppose that g > 2> and n > 0. If A is an integral domain and 
g — 1 ^ A^ , then C„ does not restrict to a section of the projection r : A^_^_iHa — >■ 
AIHa. □ 

Now take the coefBcient field F to be Q^. The homomorphism (7) induces natural 
isomorphisms 

Gr^i Ug,! ^ AfffQ^ ^ (A?i?zJ ® 
These induce a natural isomorphism 

Gr^i Ug,„ ^ (A3 iJzJ ® 

for all n > such that the jth projection r : A^_,_jffz« ^n-^^e corresponds to 
the jth projection Grl5^Ug,„+i — >■ Grl5^Ug,„. 

10.4. Summary. The following result summarizes the results of Section 10. 

Proposition 10.8. Suppose that n > 1. > 4 and i is arbitrary, or if g = 2> and 
1 = 2, then the only GSpiHq, ) -invariant sections of Cn ■ ^g,n+i — >■ ^g,n that respect 
the integral structure on Gt^^ are the sections si, . . . , s„ induced by the tautological 
points. In particular, there are no GSp{II) -invariant sections ofdg^i — > fg,o- 

Proof. Gorollary 10.3 implies that each tautological section induces a GSp(iJ)- 
invariant section of e„. When n = 1, the result follows from Lemma 10.7 when 
g = 3 and Proposition 10.4 when g > i. The case n> 1 follows from the case n = 1 
and naturality. □ 

11. TOPOLOGICALLY AMPLE FAMILIES OF CURVES 

Roughly speaking, a family C ^ T of smooth projective curves, where T is a 
smooth, geometrically connected k variety, is topologically ample of type (g, n) if 
C is the pullback of the universal curve along a map T — > Aig^n/k that induces an 
isomorphism on fundamental groups. The actual condition is weaker. 

Definition 11.1. Suppose that fc is a field of characteristic zero and that T is a 

smooth, geometrically connected fc-varicty. A family C ^ T of smooth projective 
curves of genus 5 > 3 is topologically ample over k of type {g, n) if there is a k- 
morphism (j) -.T ^ M.g,n/k., called a marking, and a prime number f satisfying: 



RATIONAL POINTS OF UNIVERSAL CURVES 



37 



(i) C is isomorphic to the puUback of the universal curve C — t- Aig^n/k'j equiv- 
alently, there is a morphism (f) : C ^ ^g,n/k such that 

n ^ r 



T ^ Mg^n/k 

commutes; 

(ii) the monodromy representation p : 7ri(T, ry) GSp(i?Q^) is Zariski dense, 
where ^ is a geometric point of T and H = iJ|^(C^, Q^(l)); 

(iii) the Lie algebra homomorphism 0, : Ut — > Ug,„ induced by (/) induces 
an isomorphism Ut/W-s — >■ Ug^n/W-3, where Ut and Ug,„ denote the 
Lie algebras of the prounipotent radicals of the weighted completions of 
Tri{T,x) and 7ri(A1g „/fe, with respect to their homomorphisms to 
GSp(iJQ,); 

(iv) The group of sections Jacc/riT) of the relative jacobian Jacc/r T is 
finitely generated. 

When g = 3, we also require that i = 2 and that the image of the natural homo- 
morphism 

ker{7ri(T,r?) ^ GSp{Hq,)} ^ Gr^iUp,„ 

equals the copy of A^iJ^^ defined in Paragraph 10.3. A m,arked topologically ample 
curve of type {g, n) is a topologically ample curve C ^ T of type {g, n) together 
with a choice of marking (j) : T ^ Mg,n/k- 

Every marked topologically ample family of curves C ^ T of type [g, n) has n 
tautological points xi , . . . , x„. These are the pullbacks of the n-tautological sections 
of the universal curve over Mg^n/k along the marking (j). 

Finite generation of Jacc/T(r) occurs when k is small and also when the image 
of 7ri(T ®k k,r]) GSp(i?Q^) is large enough. It fails, for example, when k is 
algebraically closed and T = Spec A;. 

Proposition 11.2. Suppose that T is a geometrically connected, smooth k-variety. 
If either k is finitely generated over Q or ifH°{T(g)k fc,HQ,) = 0, then Jacc/riT) 
is finitely generated. 

Proof. The case when k is finitely generated over Q follows from the Mordell-Weil 

Theorem [44]. To prove the second assertion, it suffices, by standard arguments, to 
prove it in the case k = C Denote the category of mixed Hodge structures (MHS) 
by H and the category of admissible variations of MHS over T by T-LiT). In this 
case, the Abel-Jacobi mapping 

Jacc/T(T) ^ Ext^(r)(Z(0)T,Hz) 

is injective. It is proved in the Appendix that the sequence 

^ Ext^(Z(0),if°(r,Hz)) ^ Ext^(r)(Z(0)T,Hz) ^ H\T,mi) 

is exact. Since Hz is torsion free, _ff°(T, Hz) is a subgroup of iJ"(r, HqJ, and 
therefore vanishes. Since T is homotopy equivalent to a finite complex, ff^(T, Hz) 
is finitely generated. It follows that JaC(7/x(T) is finitely generated. □ 
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Proposition 8.2 implies that when 5 > 4, the universal curve over Mg^n/ki^] is 
topologically ample whenever there is a prime number ^ such that xi '■ Gk ^ 
has infinite image. When g = 3 it implies that M^?,,n/k[^] is topologically ample 
when the image of X2 is infinite. This condition is satisfied, for example, when k is 
a number field. Recall that J^g^n denotes the open subset of M.g^n [^n] of curves 
with trivial automorphism group. As indicated in Section 5.1.2, it is a smooth 
quasi-projcctivc variety whenever 5 > 3. 

Proposition 11.3. Suppose that g>2>, n>Q, m>l and that either g + n > 
4 or m > 3. If there exists a prime number £ such that the £-adic cyclotomic 
character : Gfe — >■ has infinite image and if T is a generic ample subvariety 

of Xkg^n/kl^'i] of dim^ension > 2, then the pullback of the universal curve over Mg^n 
to T is topologically ample of type {g,n). 

Proof. If m > 3, then A^5,^„[to] — A^g,„[m]. Proposition 5.1 implies that if 

g + n > 4, then Mg^n/k[fn] is a smooth quasi-projective variety whose geomet- 
ric fundamental group is isomorphic to the profinite completion of the mapping 
class group rg,„[m]. Choose a projective imbedding A4g,„/fe[m] P^. Denote the 
Zariski closure of the image by X. Set 

r = N-{3g-3 + n) + d. 

When d > 0, there is a Zariski open subset Ud of the Grassmannian G'r(P^) con- 
sisting of the r planes in that intersect X and all of the strata of X — Mg^n 
transversely. If i e Ud{k), then LCiX is a, subvariety of X of dimension d. 

Observe that Ud(k) is non-empty. If d > 2 and L G Ud{k), then, by [10, 
Thm. p. 150], A4g,n H L is geometrically connected A;- variety of dimension d and 
the inclusion 

T := ^g,n/k[m] nL^ ^g,„/fc[m] 

induces an isomorphism on geometric fundamental groups. It thus induces an 

isomorphism on etale fundamental groups. Let C — > T be the restriction of the 
universal curve over A4g^n/k to T. Since the £-adic cyclotomic character Xi has 
infinite image, this implies that the representations 7ri(T) — )• GSp{H) and 7ri(C (8)fc 
k) — > Sp{H) are Zariski dense. Proposition 11.2 implies that JaC(7/7-(T) is finitely 
generated. It follows that C/T is topologically ample of type {g,n). □ 

Remark 11.4. Suppose that C/T is topologically ample of type {g,n) with g > 3. 
Denote the lisse sheaf of vector spaces over T that corresponds to the GSp(i?)- 
module V by V. Proposition 6.8 implies that if V has negative weight, then one 
has isomorphisms 

HUT,Y) ^ HomGSp(/f)(^^i (ut), V) 

^ HomGSp(H)(ifi(Ug,„), V) ^ Hi{Mg^r./k,y). 

In particular, Hl,{TMl)) ^ iJ^(X<,,„/fe, Q,(l)) = 0. 

Recall that Cg ^/k denotes the universal complete curve over Aig^n/k- 
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Proposition 11.5. // C/T is topologically ample over k of type {g,n), then 
induces an isomorphism : uc/W-3 ^ uc^ such that the diagram 



uc/W. 



/W- 



Ut/W-3 ^ Ug,„/W^_3 

commutes. 

Proof. This an immediate consequence of the commutativity of the diagram 
> P ^ uc > Ut > 



0- 



-^0 



whose rows are exact by Proposition 7.1. 



□ 



The homomorphism : Ut — >■ U-g,n induces an isomorphism : I)(ut) — >■ 5 



The next result is a direct consequence of Propositions 10.2 and 11.5. The proof 
of the last assertion is almost identical to that of Corollary 10.3 and is left to the 
reader. 

Corollary 11.6. If C/T is topologically ample over k of type {g,n), then there is 
a GSp{H)-equivariant isomorphism i)(uc) — ^g,n+i such that the diagram 



J)(uc) 



f (Ut) ^ ^g,n 

commutes. Each section x G C{T) induces a GSp{H) -invariant section o/t)(ucr) — > 
^{ut) which preserves the integral lattice on Gr^^. 

12. The Class of a Rational Point 

In this section we associate a cohomology class Kx € iI^(T, H) to a section 

X £ C{T) of a family of smooth projective curves C ^ T. In the universal case — 
viz., the universal curve over Mg,i — this class is easily expressed in terms of the 
GSp(7?)-structure of Grlf^ Ug,i. 

Suppose that T is a smooth, geometrically connected fc-schcmc and that / : 
X — >• T is a family of smooth projective varieties of relative dimension d over T. 
The polarization gives an isomorphism R^f^,Qe{l) = i?^''~^/*Q^(d). By well-known 
arguments (cf. [22, §4]), each relative algebraic cycle ^ in X of dimension over T 
that is homologically trivial on each geometric fiber of /, determines a well defined 
class 

cj e Hi{T,R^''-'fM{d)) = Hi{T,R'fMm- 
In particular, if a;i, . . . ,x„ are sections of a family C — > T of smooth projective 
curves of genus <? > 3 and di, . . . ,dn are integers which sum to zero, then we have 
the class of the relative divisor ^ = djXj. 
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Denote the relative canonical divisor of C/T by (jJc/t- If a: £ C'(T), then one 
has the algebraic 0-cycle class {2g — 2)x — ujc/t-, which is homologically trivial on 
each geometric fiber. Its class 

is well defined. In particular, one has the class 

of the tautological section of the universal curve over M.g^i/k- It is universal in 
the sense that each x G C(T) is classified by a fc-morphism (p : T ^ Mg^i/k and 
Hx = <j)* Denote the class of the jth tautological point of the universal curve over 
Mg^n/k by Kj. 

Proposition 12.1. If g > 3, n > 0, and m > 1, then for all fields of k character- 
istic zero 

HiiJ^g,n/k[m],nQ,) = QeKi QeK^ ■ • ■ QeKn 

Proof. When n = 1, this follows directly form [22, Thm. 6.9]. The general case 
follows easily from this, naturality, and the computation [14, Prop. 5.2]. □ 

If TT : A — >^ T is a family of polarized abelian varieties over a smooth fc-variety 
T, then the Abel-Jacobi mapping induces a homomorphism 

A{T) ^ HUT,R^^-\.qe{g)) ^ if?,(r, i?V.Q,(l)). 

A direct proof of Corollary 12.3 below was communicated to me by Minhyong 
Kim; the current formulation, rising the lemma, was contributed by the referee. 

Lemma 12.2. If tt : A ^ T is a family of polarized abelian varieties over a 
noetherian scheme T, then the kernel of the i-adic Abel-Jacobi map 

A{T)^Hi{T,R\.Z,{l)) 

is the subgroup f]^i'^A{T) of i°° -divisible points. 

Proof. The connecting homomorphism of the long exact cohomology sequence as- 
sociated to the exact sequence of etale sheaves 

yl[r] -^A^A^O 

induces an injection A{T)/e"A{T) ^ H^^{T,A[r]). Since T is noetherian, [4, 
Thm 1.1, p. 233] implies that H"(T,A[e"]) is finite for each n > 1. This implies 
that fim^ if°(T, y4.[£"]) vanishes and that the natural surjection 

HUT,]^A[e"]) ^ ]^Hl,{T,A[e^]) 

n n 

is an isomorphism. The result now follows as the Weil pairing induces an isomor- 
phism R^nAil) ^ Ale""]. □ 

Corollary 12.3. If the group A{T) of sections of it : A ^ T is finitely generated, 
then the kernel of 

A{T)^Hi{T,R\M^)) 

is finite for all I. 
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The assumption that A{T) be finitely generated is neeessary, as can be seen by 
considering the case where T is the spectrum of an algebraically closed field. 

We can apply this to the family of jacobians tt : Ja,cc/T ~^ T associated to the 
family of curves C ^ T. 

Corollary 12.4. Suppose that x and y are sections of C over T . If 3acc/T{T) is 
finitely generated, then Kx = Ky implies that x — y is torsion in i&cc/T{T)- 

Proof. Since ii^7r*Z^(l) is naturally isomorphic to Hz^ , the diagram 



C{T) 




Jacc/r(r) ^Hl{T,m^) 

commutes, where the left-hand vertical map takes x to the class of (2g — 2)x — w^/t- 
whose image under the horizontal map is Kx- Since the bottom map is injective 
mod torsion, Kx = Ky implies that the divisor {2g — 2){x — y) is torsion. □ 

We conclude this section by relating the class Kx of a section of C — > T to the 
structure of H\{ut)- Proposition 6.8 implies that there is an isomorphism 

Hi{T,n) ^ HomGSp(H)(^?i(uT),H). 

The GSp(-ff)-equivariant projection h : K\H H is the twist of the map A^H — > 

H{1) defined hy x Ay A z i-^ 9{x, y)z + 9{y, z)x + 9{z, x)y. 

The following assertion follows from [22, Prop 6.5] and its proof. 

Proposition 12.5. If g > 3. the GSp{H) -invariant homomorphism 

corresponds to the universal class k under the isomorphism 

Hlt{Mg,i/k,'aQ,) ^ HomGSp(H)(i?i(Ug,i),iJ). 
Let hj : A^H H he the GSp(if)-invariant homomorphism 

AlH ^ (AfiJ)" AfH — ^ H 

Corollary 12.6. When g > 3 and n > 1, the class kj € Hl^{M.g^n/kj^Qe) corre- 
sponds to the homomorphism 2hj under the isomorphism 

Hlti-Mg,n/k,'^e) = HomGSp(H)(^fl(Ug,„),i?). 

Recall from the proof of Lemma 9.4 that the composite ho(_A9) : H — > AfH — > H 
is {g — l)idij. It follows that the projection Af^H — > H that corresponds to the 
projection 

AlH = AlH ®H-^ ^H 
onto the jth copy of H is hj/{g — 1). This projection corresponds to Kj/{2g — 2). 

Remark 12.7. One of the issues in trying to prove the section conjecture is to 
determine which classes in Pic^ C are the classes of rational points. To provide a 
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context for the results of the next section, we mention that when C is the puUback 
of the universal curve to Spec fc(A^g^„/fc[m]) 

n 

(Pic° C){k{Mg,n/k[m\)) = Z{Kj/e^) © Z[xj - Xf] © (Z/mZf^ 

j=l i<3<j'<n 

where is 2 when m is even and 1 when m is odd.^* This is proved in [14, 
Thm. 12.3] when fc = C; it implies the result for all algebraically closed fields k of 
characteristic zero. The case for a general field k of characteristic zero follows as 
all the generators are represented by Q-rational divisors. 

13. Computation of C{k{T)) 

Given a family of curves C ^ T, one encounters the problem of distinguishing 

the sections of Pic'^ C T that correspond to fc(T)-rational points of C from those 
that do not. This distinction can be made when C/T is topologically ample. 

Lemma 13.1. If g > 3 and n > 1, there is no GS]){H)-equivariant Lie algebra 
homomorphism 

that induces the map {v; ui, . . . , w„) i— > (w; ui, ui) on Gi^i- 

Proof. Suppose that such a homomorphism (f) : ^l^^/VK-s Gr)^ 
exists. Denote the ijth copy (1 < i < j < n) of ^^{1) in Gr^^uf^^^^ by 
Note that there is a unique copy of Q£(l) in Gv^2 ^g^2™- Denote the jth copy of H 
in Gr!^i uf°^ by Hj. Proposition 9.13 impUes that 

^2^3^ili£l]i^n^2 ^geom bracte ^^W^ ^geom q^^^^ 

is surjective. When n ~ 1, there is no copy of ^^(l) in Gr^^j'^g.ni from which it 
follows that there is no such homomorphism (p when n = 1. 

Now suppose that n > 1. In this case Proposition 9.13 implies that the image of 

(15) A^AlH'^^\^ GrY, ufr — ufrr ^ ®i<j 

is the diagonal copy of Q^(l). It follows that (j) induces a surjective homomorphism 

On the other hand, Proposition 9.13 implies that, when i < j, the component 
Hi ® H/'^-^^A^ Gr^i u|-- Gr!^^ ^9,n ^ QiWij 

of the bracket is surjective. Since i > 1, Hj is contained in the kernel of (p. These 

two facts imply that the restriction of to Qf(l)ij is zero whenever 1 < i < j < 
n, which contradicts the non-triviality of (15). It follows that there is no such 
homomorphism (p when n > 1, which completes the proof. □ 

Topologically ample curves have the nice property that their T-rational points 
are determined by their classes in H^{T,Mq^). 



^^More precisely, when m is even the relative canonical bundle has 2^^ square roots ("theta 
characteristics"), any two of which differ by a point of order 2. By Kj/2 we mean the class of 
{g — l)xj — a for a choice of theta characteristic a. This is well defined mod 2-torsion. 
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Proposition 13.2. Suppose that C/T is a topologically ample curve of type {g,n) 
where g >3 and n>l. If x € C{k{T)) and then X is the jth tautological 

point Xj . 

Proof. We may assume that j = 1. Corollary 12.4 implies that [x] — [xi] is torsion 
in (Pic° C)(fc(T)). Denote this torsion point by S. li S = 0, then x = xi and 
we are done. By replacing T by T — Z if necessary, where Z is a subvariety 
of T of codimension > 2, results of Section 3 imply that we may assume that 
X e C{T). If (5 ^ 0, then the sections x and x\ oi C are disjoint, and there is 
a fc-morphism T ■Mg^2 defined hy x [Cx;xi,x]. This induces a GSp{H)- 
equivariant homomorphism (j) : Gr^ Ut —5- Gr^Ug,2. Since C/T is topologically 
ample, the marking induces an identification ut/W-s = Ug^n/W-^. Since Kx = ki, 
the induced mapping 

Gr!^iUT^^Gr^!;u,,2 

on Gr^-^ is defined by : {v; u\, . . ., Un) ^ {v; Ui, Ui). But by Lemma 13.1, there 
is no such homomorphism. It follows that (5 = and that x = x\. □ 

13.1. Proof of Theorem 1. If C{k{T)) is empty, n must be zero and the result 
is true. Suppose that x G C{k{T)). Corollary 3.2 implies that x induces a splitting 
of the homomorphism 7ri(C, r/(^) TVi{T,Tjrp) for some choice of basepoints. Corol- 
lary 11.6 implies that x induces a GSp(i/)-equivariant splitting of c)(uc) — >■ 5(ut) 
which, when 5 = 3, preserves the Z2 lattice structure on Gr^^. Proposition 10.8 
implies that n > 1 and that this section equals the section induced by the tau- 
tological point Xj for some j G {l,...,n}. Corollary 12.6 implies that Kx = kj. 
Proposition 13.2 and Remark 3.3 now imply that x = xj. 

14. NON-ABELIAN COHOMOLOGY 

This section is a brief review of the non-abelian cohomology of proalgebraic 
groups developed in [19], which was inspired by, and is a variant of, the non-abelian 
cohomology developed by Kim in [28]. This non-abelian cohomology is the principal 
tool used in the proof of Theorem 3. This version of non-abelian cohomology should 
be useful in studying rational points of curves and other non-abelian varieties as it 
is somewhat computable, as wc demonstrate in Section 18. 

Suppose that F is a field of characteristic zero and that 5 is a negatively weighted 
extension of a connected, reductive F-group R with respect to a non-trivial central 
cocharacter uj : Gm — ^ R- Suppose that 7^ is a prounipotcnt _F-group with trivial 
center. Fix an outer action (j) : Q ^ OufP of Q on V. This induces an action 
of G on Hi{V), so that Hi{V) has a natural weight filtration. We will assume 
that this is negatively weighted — i.e., Hi{V) = W-iHi{'P) — and that each of 
its weight graded quotients is finite dimensional. Under these conditions, P has a 
natural weight filtration with finite dimensional quotients and the group of weight 
filtration preserving automorphisms Antw P of P is a proalgebraic group. Wc will 
define a non-abelian cohomology scheme H^^^{Q,V), which will represent sections 
of an extension of Q by V. 
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The condition that V have trivial center imphes that this extension is uniquely 
determined by the outer action cj). Indeed, since V has trivial center, the sequence 

l^V ^ AutvK V OutvK V ^1, 

where the first map takes an element of V to the corresponding inner automorphism, 
is an exact sequence of proalgebraic F-groups. Pulling this extension back along <j) 
gives an extension 

(16) i^v^g^^g^i 

oi g hy v. We do not make the conventional assumption that this sequence splits, 
nor do we distinguish any one section when there is one. 

The assumption that Hi {V) be negatively weighted implies is also a negatively 
weighted extension of R with respect to uj. It also implies that W-mV is a normal 
subgroup of for all m G Z. 

Denote the Lie algebra of Q by g. It acts on the weight graded quotients of p. 
Frequently we will impose the finitencss condition 

(17) dimiJi(0,Gr'^„p) < oo 

for m G Z in a suitable range. The following is our analogue of [28, Prop. 2]. 

Theorem 14.1. Suppose that N > 1 and that the finiteness condition (17) holds 
when 1 < m < N . Under the assumptions above, there is an affine F-scheme of 
finite type, H^^^^{Q, V /W-nV), which represents the functor that takes an F-algebra 

A to the set 

{sections of {Qip/W-nV) ®f A ^ Q ®f A}/ conjugation hy 'P{A), 
where 'P{A) acts on the sections hy conjugation. 

Corollary 14.2. If the finiteness condition (17) holds for allm > 1, then the affine 
F-scheme 

represents the functor 

{sections of ®f A^ Q ®p A} / conjugation by 'P{A). 

There is a non-abelian analogue of an exact sequence which aids in the compu- 
tation of H^^^{Q,'P). The next result is our analogue of the claim on page 641 of 
[28]. 

Theorem 14.3. Suppose that N > 1. If the finiteness condition (17) is satisfied 
when 1 < m < N , then 

(i) there is a morphism, S : H^^^y^{Q,V/W-N)^H'^{9,GT^j^ p) of F -schemes, 

(ii) there is a principal action of {q, Gt^^ p) on H^^^{Q,V/W-n-i), 

(iii) for all F-algebras A, i?nab(^' 'P/W-NjiA) is a principal H^{q, Gt^n P)(^) 
set over the A-rational points {S~^{0)){A) of the scheme S~^{0). 

This "exact sequence" is represented by the diagram: 

HHB.Gr^M p) Q HU{g, v/W-N-i) HU{g, v/W-n) h\q, Gy^j, p) 

in which tt is the projection that takes a section to its quotient by Gr!!^ V. 
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Remark 14.4. In our version of non-abelian cohoniology, wo do not need to specify 
a splitting of the extension (16), or even to have one at all. Since this extension 
may not split, H^^^{Q,V) may be the empty scheme. Even when the extension 
does split, there may be no preferred section and we do not view these cohomology 
groups as pointed objects, as is customary. This point of view is based on the 
computations in Section 18, which suggest that preferring any one section over 
another maybe unnatural in some contexts. 

14.1. The scheme H^^^{0,V/W-n^i)- In Section 18, we will need to compute 
the "connecting morphism" 6 in situations of interest. Before we explain how to 
compute 5, we need to explain why H^^^{Q,V /W-m-iP) is a scheme. Full details 
can be found in [19]. 

Denote by Q. For each m > and set Qm = Q/W-m-iV. Denote the Lie 
algebras of Q, Q, Qm, V and V lW-m,-i by fl, fl, flm, P and p„i, respectively. Choose 
a lift Gj : — >■ ^ of w to ^. Denote its composition with Q — >■ by Qjm and 
with Q ^ Q \yy Gjq. Note that w splits the weight filtration of all ^-modules. In 
particular, it splits the weight filtration of each of these Lie algebras. 

Fix > 1. Let A bo an F-algebra. Define a section s of Qj^ ®f A —> Q (E)p A 
to be Lu- graded if it commutes with lj in the sense that ujn = s o coq. Equivalently, 
its derivative ds : Q (8>f A Qf^'p A in a)-graded in the sense that it commutes with 
the Gm-actions on g and Q induced by a). 

One has the maps 

(18) {w-graded sections oi qn '^r A ^ q (Sip A} 

= {w-graded sections oi Q^^ ®p A ^ Q ^p A} 
^ {sections oi Qn ^p A Q ^p A} 

A- {graded sections of Gr^ qn 'Sip A^ Gr^ Qigip A} 

where the last map takes a section s to the graded Lie algebra section induced by 
its derivative ds. Note that the composition of these three maps is the isomorphism 
induced by the w-splitting of the weight filtration. 

It is not difficult to show (cf.[19. Prop. 4.3]) that if the finitencss assumption 

(17) holds for all m < N , then the functor that takes an i^-algebra A to the set 

{graded sections of Gi^ qn Sip A ^ Gr"^ Q®p A] 

is represented by an affinc F-scheme of finite type, which we shall denote by 
Sect,(Gr^ g, Gi^ p/W-N-i)- It is asubscheme of an afiine space that is a principal 
homogeneous space over Y{oinYi{GT^ Hi{Q),Gr^ Pn)- The finiteness assumption 
implies that this is finite dimensional. 

Proposition 14.5 ([19, Cor. 4.7]). If N >0, then, for all F-algebras A the maps 

(18) induce bijections 

{(b-graded sections of qm ®f A ^ Q®p A} 

^ {sections of Qn ®f A-^ Q ®p A}/V{A) 

A {graded sections of Gv^ Sf A ^ Gv^ Q^p A] 
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This follows from the observation [19, Lem. 4.2] that eaeh 7'(A)-conjugacy class 
of sections contains a unique cI^Ar-graded section. It follows that the functor that 
takes A to the set of P{A) conjugacy classes of sections of Qn 'S^f A -> Q ®f 
A is represented by the affine F-scheme Sect,(Gr^ q,Gt^ p/W-N-i)- That is, 

14.2. The connecting morphism 6. Full details of the construction of 5 and its 
properties can be found in [19]. 

Suppose that m > 0. Identify Hl^^^{Q ,Vm) with the scheme of graded sections 
of Gt^ Qm — > Gr^ Qt. Suppose that > 1. Set 3 = Gr^f^p. Then we have the 
extension of graded Lie algebras 

3 ^ Gri^ qn Gri^ qn-i 0. 

Suppose that is a graded section of Gr^ Qn-i — > Gv^ Define a to be the 
i?-linear section 

Gr^ Q^fA Grf fl;v-i 0f A Gr^ Qn <8f A 

of Gr^^ Qn A ^ Gr^ q iS)f A, where r is the unique, i?-linear, graded section 
of Gri^ QN ^ Gr^ Qn-i- Note that, in general, r is not a Lie algebra homomor- 
phism. The obstruction to a being a Lie algebra homomorphism is the function 
ha : Gt^ Sat 3 defined by 

ha{xA y) := [a{x),a{y)] - a{[x,y]). 

It is an i?-invariant 2-cocycle of weight in the Chevalley-Eilenberg cochain complex 
C'{GvY Q,i)®FA. Define 

5:Hi^^{g,VN){A)^H\Q,i) A 

by taking a to the class of in _ff^(Gr)^ 0,3) iSif A = H'^{q,i) A. This is 
induced by a morphism of F-schemes. 

If 5{a) 7^ 0, cr does not lift to a graded Lie algebra section of Gr^ Qn '^f A ^ 
Q^F A. If 5{(j) = 0, then, by [19, Lem. 3.3], there is an ii-invariant 1-cochain 

veGv^C\GT^g,i) ^fA 

such that S{v) = hs- Then a + v : Gr^ q ^f A — > Gr^ Qn 'S'f A is a graded Lie 
algebra section of Gr^ qn '^f A ^ Gr^ qi^if A that lifts a. 

15. Setup for Proofs of Theorems 2 and 3 

The following three sections are devoted to the proofs of Theorems 2 and 3. This 
section sets up the notation to be used in these sections and establishes some basic 
results. 

Suppose that g, n and m are non- negative integers satisfying 5 > 2, n > 
and m > 1.^^ Suppose that fc is a field of characteristic zero that contains /im(fc), 
the mth roots of unity. Fix a primitive wth root of unity. We then have the 
geometrically connected moduli space A4g,„/fc[m]. 



Later, we will assume that 5 > 5. But, for the time being, we consider smaller genera so 
that some of the preliminajry results can be presented in their natural generality. 
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Set K = k{Mg,n[m]). Fix an algebraic closure K of K. Denote the algebraic 
closure of k in K by k. Set 

Gk = Gal(k/k), Gk = Gal(K/k), and Gf ""^ := Gal(:^/fc). 

There is an exact sequence 

(19) 1 ^ Cr-" -^GK^Gk^l. 

Let C be the restriction of the universal (complete) curve C -Mg^n/ki^] to 
its generic point Specie'. Choose a geometric point x oiC 0k K that lies over its 
generic point. Set 

TT = TTl (C I^K K, x) 

Then one has the extension 

1 ^ TT ^ 'Ki{C,x) -)■ Gk 1- 
Suppose that ^ is a prime number. Set 

The monodromy representation p : Gk — >■ GSp(i?) has Zariski dense image if 

and only if the image of the i'-adic cyclotomic character xi '■ Gk ^ is infi- 
nite. Suppose that this is the case. Define the weight of a representation Gk 
GSp(i?) — > Aut V to be its weight as a GSp(iI)-module With this convention, H 
is a G/f -module of weight —1. 

Denote the weighted completions of Gk with respect to p by Qk and the weighted 
completion of -K\{C,r)) with respect to 7ri(G,rj) — >■ Gk GSp(iJ) by Qc- Denote 
their Lie algebras by qk and gc, respectively. Denote their prounipotent radicals 
by Uk and Uc, and their Lie algebras by Uk and Uc, respectively. One has the 
exact sequence of Q^-groups 

1 ^ tt"" ^ ^ ^ 1 

where tt"" denotes the continuous unipotent completion tt^q^ of tt over Q^. Denote 
the Lie algebra of tt"" by p. Since qk, Qc and p are Qc-nioAvles via the conjugation 
action, all have compatible natural weight filtrations that possess the exactness 
properties described in Proposition 6.4. 

Basic naturality properties of weighted completion imply: 

Proposition 15.1. For each Q^-algebra A, there is a group extension 

1 7r""(A) ^ G^ ^ Gif ^ 1 

and an inclusion 

1 ^TT ^TTi{C,x) ^Gk ^ 1 



1 > 7r""(A) ^ G^ ^ Gk ^ 1 

of extensions, where the left hand vertical map is the canonical inclusion. 
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Proof. Define Gq so that 

(20) Gi Gk 



GciA) ^QKiA) 

is a puUback square. The map Gq — >■ Gk is surjcctive because the lower niap 
is surjective. To see this, choose a sphtting of Gc ^ GSp(iJ) in the category of 
Qf-groups. It descends to a sphtting of Gk GSp{H). These sphttings induce 
compatible isomorphisms Gc{A) = GSp(i?^) k Uc{A) and Gk{A) = GSp(7?a) x 
Uk{A). Since Uc — > is a surjective homomorphism of prounipotent groups, 
the map Uc{A) — > Uk{A) is surjective, which implies that Gc{A) — > Gk{A) is 
surjective. □ 

When n > 1, Gq is isomorphic to the group Gk x 7r""(A) described in the 
introduction. 

Since W-rir^^ is the rth term of its lower central series, each M^-^tt"" is a normal 
subgroup of Gc- Consequently, W-ri^^^{A) is a normal subgroup of Gq. One thus 
has the truncated extensions 

1 ^ (7r™/W_^7r"")(A) ^ G^/(W^_^7r""(A)) ^ -> 1- 

for each extension field A of Define i?i^i,(GK, 7r""/W_r)(A) to be the set of 
sections of Gq — > G^, modulo conjugation by 7r""(A)/PF_r. 

Proposition 15.2. Suppose that r G [l,oo]. // i?^(Gif , Grl^g tt""^) is finite dimen- 
sional when I < s <r, then the restriction mapping 

is a bijection. 

Conditions that ensure the finite dimensionality of {G k , Gr^^ tt'^^) are given 
in Section 17. The condition is satisfied, for example, when is a number field and 

9 > 3. 

Proof Proposition 6.8 implies that , Gr^!"^ tt"") ^ H\Gk,Gt^^tt'^''). The 

finite dimensionality of H^{Gk, Gt^^ tt""^) thus ensures the existence of the scheme 

^nab(^^f ' ^""/^-^)- Suppose that s is a section of Gg7M^_r7r™(Q<!) Gk- Then 
the universal mapping property of weighted completion implies that 

Gk Gg7iy_,7r"-(Q^) ^ (ac/W^-r7r"")(Q^) 

induces a section a of Gc ^ Gk /W-rTT^'^{Qe) such that the diagram 

Gg7W^_,7r-"(Q^) Gk 

GciQt)/W-r7r'"'iQi) GKiQe) 

commutes. On the other hand, since (20) is a pullback square, so is its reduc- 
tion mod W^-r-7r""(Q^). Consequently, each section a of {Gc/W-rTv'"^){Qe) Gk 
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induces a section s of Gq /W-rn^'^{Qe) — > Gk such that the diagram above com- 
mutes. The results follows as two sections Si and S2 of Gk are conjugate 
by an clement of 7r""((Q£) if and only if the corresponding sections cti and CT2 of 
Gc Gk are conjugate by an element (necessarily the same mod W_r7r""(Q£)) of 
7r™(Q^). □ 

16. COHOMOLOGY COMPUTATIONS 

Theorems 2 and 3 are proved using the non-abelian cohomology described in 
Section 14. In order to compute H^^y^{G k , '!^^^) , we need to compute H^{qk, Gt^^ p) 
and to bound H'^ {qk , Gr^^ p) for each r > 0. This we do in the next section. 
But first we need to compute and/or bound the cohomology groups H'{Gk,V) 
in low degrees for all negatively weighted GSp(i?)-modules V as these control the 
cohomology groups H'{qk, Gi^^p) in low degree. In this section we do this by 
investigating the degree to which the restriction mapping 

is an isomorphism. Remarkably, it is an isomorphisms in degree 1 and an injection 
in degree 2, except when the puUback of V to Mg contains a trivial local 

system. 

Recall that C^^j. [m] denotes the nth power of the universal (complete) curve Cg 
over Mg/kim]. By convention, Cg^^[m] = A^g/fe[m]. Note that A^g,n/fe[m] is a 
Zariski open subset of Cg^^.[m]. 

The irreducible GSp(i/Qj-module H\{r) gives rise to a Gif-module of weight 
— |A| — 2r by composition with p. Denote the local system over A^g.„/fe[m] corre- 
sponding to the GSp(-ff)-modulc V by V. Call an irreducible GSp(i?Q^) module V 
geometrically non-trivial if it is non-trivial when restricted to Sp(i?Q^). 

The following key result follows from [18, Cor. 6.2] and standard comparison 
theorems. 

Theorem 16.1. Suppose that k is an algebraically closed field of characteristic 
zero. Suppose that n > 0, m > 1, and that g = 3 or g > 5. If U is a Zariski 
open suhsetofC^ijJym], then for all non-trivial, irreducible, geometrically non-trivial 
representations V ofGSp{H), the map 

induced by the inclusion U ^ Cg[m] is an isomorphism when j = 0,1 and an 
injection when j = 2. 

Since M.g,n/k{^\ is a Zariski open subset of Cg[m\, the result remains true when 
Cg[m] is replaced by Alg^nfm] in the statement of the Theorem. 

Remark 16.2. Theorem 16.1 holds in a more general situation, which is described 
in the following paragraph. It allows the reduction of the transcendence degree of 
the field K in Theorem 3 from 3^ — 3 -|- n to 3. The key point is that a more general 
version of the previous theorem implies that the cohomological computations in 
this section hold in this more general situation. For clarity of exposition, we do not 
work out the details in this more general situation, but leave them to the interested 
reader. 

Suppose that k is an algebraically closed field of characteristic zero. First let M 
be a generic linear section of A^g/fe[m] of dimension > 3. Denote the restriction 
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of the nth power of the universal curve to M by C]Jf. For a suitable imbedding 
P^, [18, Thm. 5.1] implies (cf. [18, Thm. 6.1]) that a generic section T ofC^j 
by a complete intersection of sufficiently high multi-degree will have the property 
that for all non-trivial, irreducible, geometrically non-trivial representations V of 
GSp(iJ), and all Zariski open subsets U of T, the map i^^t(T,V) ^ Hl^{U,Y) 
induced by the inclusion [/ T is an isomorphism when j = 0, 1 and an injection 
when j = 2. □ 

Set K = k{M.g^n/k[^]) and let C/K be the restriction of the universal curve to 
Specie'. 

Proposition 16.3. Suppose that g > 5 and that k is a field of characteristic zero 
for which the image of the £-adic cyclotomic character xi '■ Gk — > is infinite. 

(i) Ifr + \, then H^{GK,Qi{r)) ^ H^iGk,Qe{r)). 

(ii) If V is a geometrically non-trivial, irreducible representation o/GSp(ilQ^) 
of negative weight, then 

fQ/ V = Hq,; 
H\Gk,V) ^ Hl,{Mg,n/k[m],V) - <^ Q£ A^Hq,; 

I otherwise. 

(iii) If V is a GSp{II) -module satisfying 1/^p(^) = 0, then there is a natural 
inclusion 

(iv) If V is a GSp{H) -module satisfying V^^'^^^ = 0, then the restriction map- 
ping il|(.(j\4g^„/fe[m], V) — >■ II^{Gk,V) is infective. 

Proof. The extension (19) gives rise to a spectral sequence 

(21) E^'* = H'{Gk, H\Gf°'^, V)) ^ H'+*{Gk, V). 
There is therefore an exact sequence 

(22) ^ H\Gk, H°{GT^, V)) ^ H\Gk, V) 

^ H°{Gk,H\Gr"',V)) ^ H\Gk,H°{GT'^,V)). 

Observe that 

H'{GT"',V)^\\^H!,{U,Y), 

u 

where U ranges over the Zariski open subsets of T := M.g n/ki^^ defined 
over k. 

The Gysin sequence implies that if U = T — Z, then there is an exact sequence 
^ HiiT,Q,) ^ Hi{U,Qe) ^ Indg^^ Q,(-l) 

of Gfe-modulcs, where 5* is the set of components of Z that have codimension 1 in T 
and Gks is the kernel of the action of Gk on S. Since H^^(T, Q) = for all g > 3, [14, 
Prop. 5.2], this implies that Hl^{U, Qi) is a Gfe-submodule of Ind^^ Qe{-1)- There- 
fore H°{Gk,Hl{U,Qe{r))) vanishes for all r 1, and H'^iGk, H^G^^°"',Qe{r))) 
thus vanishes as well. Assertion (i) now follows from the exactness of (22). 

It suffices to prove (iii) and (iv) when F is a geometrically non-trivial, irreducible 
GSp(iI)-module. For the remainder of the proof, we will assume this to be the 
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case. This assumption implies that i7'^(G|^°™, V) = 0, so that the bottom row of 
the spectral sequence (21) vanishes. Theorem 16.1 and [14, Proposition 5.2] imply 
that Spec K ^ U T induce isomorphisms 

H\GT'^,H^,{r)) - iJ?t((7,eQ,(r)) - i/it(r, Hq, (r)) - Q,(r)" 

and H^{Gk,V)= HI^{U, V) = Hl^ (T, V) = for all other geometrically non-trivial, 
irreducible GSp(ifQ^ )-modules V. Assertion (ii) now follows directly from (22). 

As observed above, the fact that F is a geometrically non-trivial, irreducible 
representation implies that the bottom row of the spectral sequence (21) vanishes. 
Consequently, there is an exact sequence 

(23) ^ H\Gk,H\G^^°'^,V)) ^ H\Gk,V) 

^ H\Gk,H\GT'^,V)) ^ H\Gu,H\GT^,V)). 

Assertion (iii) follows. 

To prove (iv), consider the spectral sequence of etale cohomology that converges 
to H*^{T,Y). Since y is a geometrically non-trivial, irreducible GSp(if)-module, 
H°{T (g)fe k, V) = 0. The map Spec K induces a map of spectral sequence, and 
thus also a map of exact sequences 

> H\Gk, Hi{T ®k k,Y)) ^ Hl{T,Y) > H%Gk, Hl{T ®k k,Y)) 

^H\Gk,H\GT"',V)) ^H^Gk,V) ^ H°{Gk, H^Gr"',V)) 

whose second row is part of (23). Theorem 16.1 implies that the left-hand verti- 
cal map is an isomorphism and that the right-hand vertical map is an inclusion. 

Assertion (iv) follows. □ 

Each Gt^^ tt"" is a GSp(i?)-module. The Gk action on it factors through the 
monodromy representation Gk GSp(ilQ,). Since the image of is contained 

in Sp(i?), the geometric invariants (Gr'^^ 7r"")^P(-^^ is a Gfe-modulc which vanishes 
when r is odd and is isomorphic to a sum of copies of Q,i{t) when r = 2t is even. 

Corollary 16.4. Suppose that g >5. Ifr>2, then 

H\Gk, Gi^, ^™) = H\Gk, {GrZ. Tr"")^?^^)) 

In particular, when r > 1 is odd, then H^{GK,GT^^Tr^'^) vanishes. Ifr>2, then 
the cup product 

H\Gk, H) ^ H\Gk, Gv%,7rn ^ ^'(Gk, Gr!^2r-i ^r""), 
induced by the commutator H Gr^2r """" ~^ ^^^2r-i injective. 
Proof. Suppose that r > 2. Write 

Gr!^^ TT™ = (Gr^^^ T,^^fp{H) ^ y 

where V is a GSp(iJ)-modulc. Since V has weight < —1 and since each of its 
irreducible components is geometrically non-trivial. Proposition 16.3 implies that 
H'^{Gk,V) = 0. It follows that 

fl"i(GK,Gr!^^7r"") ^ ^'^(Gif , (Gr!^^ 7r™)Sp('^)). 
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Since (Gr!!^ 7run)Sp(H) vanishes when r is odd and when r = 2, and is a direct sum 
of copies of Q^(t) when r = 2t, Proposition 16.3 impUes that, when r > 2, 

This proves the first assertion. 

Schur's Lemma imphes that all Sp(if)-submodules of (Gr'^ 7r"")^P(^) are 
of the form H ®B, where B is a subspace of (Gr^f^ T^nn-^Sp(H) ^ 

Since the Lie algebra 

Gri^TT""" is generated hj H = GrfiTr""" and has trivial center [34, p. 201], the 
commutator map H®{Gr^^ 7r™)Sp(ff) Gr^^^_i tt"" is injective. Since Gr!^^_i tt™ 
is a semi-simple Gif-module, 

is injective. To prove the last assertion, it thiis suffices to show that the cup product 
(24) H\Gk, H) (g> {Gk. {Gi^-r 7r'^")Sp(^)) ^H^{Gk,H® {Gr^, 7,un)Sp(if)^ 
is injective. 

Proposition 16.3(ii) implies that H^{Gk,H) = H'^{GY'^,H). This is a trivial 
Gfc-module. The cup product (24) is thus the composite of the mappings: 

H\Gk. H) ® {Gk, (GrZ Tr'^'^ f^"^) 

4 i?i(Gr"", H) ® {Gk, {GrZ ^"n)Sp(^f)) 

^ H^{Gk,H\G^j^°"',H) ® (Gr^,^"")Sp(«)) 

^ Hi(Gfc,Fi(Gf°'",i/ ® (Gr^,^"")Sp(«))) 

C H^Gk,H ® (Gr^, 7r"")Sp(»)). 

which is injective as Proposition 16.3(iv) implies that the last mapping is injective. 

□ 

17. Computation OF i?*(fl/f, Gri'' p) 

The computation of the cohomology groups H*{qk, Gi^^p) in low degrees is 
needed for the application of the non-abelian cohomology of Section 14 to the proofs 
of Theorems 2 and 3. Throughout this section, we assume that : Gfe — >■ has 
infinite image. 

Since GSp(il) is connected. Proposition 6.8 and Remark 6.9 imply that 

H^iQg,n, V) ^ HomGSp(Jf)(ifj (Ug,n), V)) 

for all finite dimensional GSp(iI)-modules V. In particular, the projections 

c, dj, ej, Gij e HomGSp(H)(-f?2(Ug,„),AoiI) 

defined in display (12), Section 9, can be regarded as elements of H'^{gg n, Ag-ff). We 
will also regard them as elements of H^(gK,^oH) via the natural homomorphism 

Proposition 17.1. If g > 5 and n>0, then 

(Qe" r = 1, 

H'^{qk, Gi% p) = < 2 < r < 6 and r odd > 6, 

[H^{Gk, {Gv^^ 7r"")Sp(^)) r > 2 even. 
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When r — 2, Gr!^2 isomorphic to H^{Qg^n,A^H) and is generated 

by the classes c, dj, ej, (1 < j < n), Bij, (1 < i < j < n), which are subject to the 
relations 

c + dj + Ej = 0, j = 1, . . . , n. 
Consequently {c, ei,ejj : I < i < j < n} is a basis of H^{qk , ^iH) . 

Proof. The exponential map induces a -module isomorphism Gr!!^ p — > Gr^^ tt^". 
We will denote this coefficient module by Gr^^ tt"" in group cohomology, and by 
Gr^^ p in Lie algebra cohomology. Proposition 16.3 implies that the natural map 

H^isK, Gr!^, p) ^ H^{Gk, GvZ 

is an isomorphism when j = 1 and injcctivc when j ~ 2. The computation of 
-ff^(0if , Grl^ p) follows directly from Proposition 16.3, Corollary 9.3, and Corol- 
lary 16.4. 

Proposition 6.8 implies that Specie" J^g,n/k induces an inclusion 
Hl{Mg,n/kAlH) H\Gk,AIH) 
and therefore an injection 

(25) H\gg,n,AlH) ^ H^qk, AIh). 

Apply HomQgp(^) ( , Apff ) to the exact sequence in Lemma 6.7 with u = Uk and 
Ug^n to obtain the commutative diagram 

> HomGSp(H)(Gr!5'2Ug,„,A2H) -tiomQSp(H) (^^ Gr^^ Ug,„ , H) S- H^(Bg^„,AlH) 3> 

w ,, 

3^ HomGSpfffjCGriyjUK.AoW) Homcspfff ) (A^ Gr?; uk , A§ if ) ^ if^^^^ ^gif) > 

The rows are exact because H^{qk,AqH) and i?^(fl(,,„, Agi?) both vanish when 
g > 5. This implies that (25) is an isomorphism, which implies that the left-hand 
vertical map is an isomorphism. The result now follows from Propositions 9.12, 
which implies that {c,di,ei,eij : 1 < i < j < n} is a basis of the middle group, 
and Proposition 9.13, which implies that the relations are {c + dj -|- ej = : 1 < 
i<n}. □ 

Since ifi(Gif, Gr^f^ tt"") is finite dimensional if and only if H\Gk,Qeir/2)) is 
finite dimensional, the previous Proposition and Corollary 16.4 imply: 

Proposition 17.2. If 1 < r < 6 or if r is odd, then for all fields k of charac- 
teristic zero, H^(gx,GT^j,p) is finite dimensional. If r = 2s > 6 is even and if 
H^{Gk,Qi{s)) is finite dimensional, then H^(qk ,GT^j,p) is finite dimensional. 

This allows us to apply the non-abelian cohomology of Section 14 when k is 
a number field or a finite extension of Qp provided p ^ (.. The following result is 
needed for the computation of the connecting morphism in non-abelian cohomology. 

Proposition 17.3. If g >5 and n>l, then the map 

H\qk, Gr!^i p) ® H\qk, Gr^, p) ^ H\qk, Gt^-i P), 

induced by the bracket Gr^^i p (8> Gr^^ p — >• Gr^^_-^ p, is injective. 
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Proof. This follows from Corollary 16.4 and the fact that the diagram 

H\qk, Gr^i p) ® H^Qk, Gr^.p) H\qk, Gr^,_, p) 



commutes, and the fact that the left-hand vertical map is an isomorphism and the 
right-hand vertical map is an inclusion. □ 

18. Proofs of Theorems 2 and 3 

We are now ready to combine the non-abelian cohomology of Section 14 with 
the subsequent computations to prove Theorems 2 and 3. Throughout we assume 
that g > 5 and that r > 1 and that the image of Xt '■ ^ is infinite. We will 

assume that _ff^(gx, Gr^^ p) is finite dimensional whenever 1 < s < r to ensure 
that the scheme H^^^^{Gk,t^^'^ /W-r-i) is defined. Conditions under which this is 
the case are given in Proposition 17.2. They are satisfied, for example, when A; is a 
number field or a finite extensions of Qp where p ^ £. 

When n > 1, denote by sj the section of Qc Gk induced by the jth tautological 
point Xj of C. There are thus maps 

Lr : {si, . . . , s„} ^ H^^^biQK, 7r"7W_,_i)(Q,) 

for each r > 0. When n = 0, we consider {si, . . . , s„} to be the empty set. The 
maps Lr are compatible in the sense that 



commutes. 

When r = 1, {Qk , tt^'^ /W-2) is a principal homogeneous space over 

H\gK, Gr^i p) = H\qk, H) = Q^ki • ■ • Q^k„. 

The first task it to fix a natural identification 

H\QK,Gv'^r^) 4 //lb(eK,7r"7W_2). 

Proposition 14.5 implies that elements oiHl^^^^{QK^ 7r""/Vr_2) correspond to GSp(il)- 
invariant sections of Gr^j^ uc — > Gr^j^ Vlr- Theorem 9.11 implies that these corre- 
spond to the GSp(i/)-invariant sections of the map e„ : A^_,_jff — A^ff that takes 
{v\ uo, Ml, ... , Un) to {v;ui,..., Un). We identify -ffnab(^^' 7i"™/M^-2) with Ag^ by 
identifying the GSp(/f)-invariant section 

{v;ui, . . . ,Un) ^ {v : J2]=i ajUj,Ui, . . . 

of e„ with (ai, . . . , a„). Corollary 12.6 now implies: 

Lemma 18.1. With this identification, 

(2.9 - 2)i,{s,) = G i/iJfe,^"7W^-2)(Q£), 

where 1 < j < n. Consequently, Lr is injective for each r > 1. 

The computation of 5 : H^^^{gK,Tr'"'/W-2) ^ H'^{gK, Gi^^P) 

is a reformula- 
tion of Lemma 10.5. 
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Lemma 18.2. Ifg>5, then the connecting morphism 
is given by 

'^(E"=i 0'jKj)l{2g - 2) = Y.^<j a^aj^^j + - ai)ei + (1 - Ei "Oc- 

Proof. This follows directly from the construction of 5 given in Section 14.2, the 
cohomology computation Proposition 17.1, and the formula for the bracket given 
in Lemma 10.5. □ 

Corollary 18.3. If g > 5, then 

ti ■■ {si, ...,sn}-^ HI,^{Qk, 7r"7W^_3)(Q£) 

is a bijection. 

Proof. Theorem 14.3 implies that H^{Qk,t^^^'^/W-s) is the inverse image of under 
The previous result and the Chinese Remainder Theorem imply that 

5-1(0) = {(2^ - 2)-^ ■ '^^^j = Ei«i = 1} 

= {/ci/(2.g - 2), ... , Kn/{2g - 2)} x SpecQ^ 
The result follows as 12(3 j) = Hj/{2g — 2). □ 

Proof of Theorem 2. By Proposition 7.3, a section of 7ri(C, x) — )■ Gk induces a 
section of Qc /W-^-k™ Gk- But the previous result implies that there are no 
such sections when n = 0. □ 

Another consequence is the following version of the Section Conjecture. The 
theorem shows that Kim's program [29] works well in the case where the curve is 
the generic curve of type {g, n) with a level m > 1 structure and g > 5. 

Theorem 18.4. Suppose that k is a field of characteristic zero and that i is a 

prime number for which the image of the £-adic cyclotomic character xe is infinite. 
Let K = k{M.g n[m]) and C be the restriction of the universal curve over A^(,,„[to] 
to its generic point. If g > 5 and n > 0, then C{K) = {xi, . . . , Xn} and the function 

se<" : C{K) ^ Hl^{GK,7r^''/W-r-i)m 
that takes a rational point x to the conjugacy class of the section of 

Gg7VF_,_i7r"'^(Q^) ^ 

induced by s^ is a bijection when 2 < r < 5. If H^{Gk, 'Q.iit)) vanishes for all t > 3 
— such as when k is a finite extension of Qp, p I [35, VII, §3] — then sect"" is 
a bijection for all r G [3, cxd]. 

Proof. We know from Theorem 1 that C{K) = {xi, . . . , Xn}. From Proposition 15.2 
we know that H^^y^{gK , tt^^ /W-r-i) H^^^{GK,TT^^/W-r-i) is an isomorphism. 
The result then follows from the exact sequence of Theorem 14.3 and the compu- 
tations of Proposition 17.1. □ 

Additional work is required when H^{Gk,Qi{t)) does not vanish for all t > 3. 
This is the case when fc is a number field, for example. 
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Proposition 18.5. Suppose that r > 2 and that H^{Gk, Qeit)) is finite dimensional 
whenever 3 <2t <r. If g > 5, then there are natural isomorphisms 

^ ({si,...,Sn} xSpecQe r odd, 

~\{si,...,s„}x//i(Gfc,(Gr^,7r-)'P^''^) r even. 

where tm{sj) corresponds to sj when r is odd and to (sj,0) when r is even. When 
r = 2t, there is a commutative diagram. 

{si, . . . , s„} X i/^flK, Gv^^t P) H\qk, G^^i p) «) H\qk, Grl^2t p) 

^ cup 
^Lb(eK, 77"VW^_2t) ^ H\qk, Gv'^^t-l P) 

where cup is induced by the bracket Gv^-^ p (g) Gv^2t P Grl^jt-i P- 

Proof. We prove this result by induction on r using the exact sequence of The- 
orem 14.3. The case r = 2 is established in Corollary 18.3. Observe that the 
composition 

{si, . . . , s„} H\gK,7r-^/W.r-i)m ^ H\qk, Gr!^,_i p) 

of ir with the connecting morphism 5 is trivial for all r > 1. Since (g, Gr^ p) = 
for 2 < r < 6, the result also holds when r < 6. 

Next observe that if the result is true for r = 2t — 1 > 2, it is also true for r = 2t 
as the exact sequence of non-abelian cohomology implies that H^^^^{g,n/W-2t-i) 
is a principal H'^{QK,Gr^2tP) bundle over if^^^l^^' ■^™/^-2t-27r""), which, by 
induction, is {si, . . . , s„}. 

To prove that if the result is true for r = 2t, then it is true for r = 2t + 1, it 
suffices to prove the last assertion as then Proposition 17.3 then implies that 5 is 
an imbedding on each sj x H^{qk, Gv^^t P) ^^^^ takes (sj, 0) to 0. But this follows 
from the description of 6 given in Section 14.2. □ 

Combining Theorem 1 with the fact that H^abiG k , t^^'^) is the projective limit 
of the i?^^b(<^«r''^""/^-r-)> we obtain: 

Theorem 18.6. Suppose that k is a field of characteristic zero and that £ is a prime 

number for which the image of the £-adic cyclotomic character xi is infinite. Let 
K = k{Mg^n[m\) and C be the restriction of the universal curve over -Mg^n/kii^] 
to its generic point. If g > 5 and n>0 and if H^{Gk,Qe{s)) is finite dimensional 
for all s >3, then C{K) = {xi, . . . , Xn} and the function 

sectZ : C{K) ^ HI^{Gk, n^iQe) 

that takes a rational point to the conjugacy class of the section of 

G^7W^_,_i7r""(Q^) ^ Gk 

induced by Sx is a bijection. 
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This completes the proof of Theorem 3. With minor modifications, one can prove 
the following generalization. 

Let T be a section of dimension > 3 of Mg^n/k ["^] by a generic complete inter- 
section as described in Remark 16.2. Suppose that T is defined over k and geomet- 
rically connected. Denote the restriction of the universal curve over Mg^n/k[^] to 
T by C ^ T. Set if = fc(T). 

Theorem 18.7. Suppose that i is a prime number and that the image of the C.-adie 
cyclotomic character is infinite. If g > 5, n > and m > 1 and if H^(Gk,Q.eir)) 
is finite dimensional for all r > 1, then 

C{K) ^hU{Gk, TT^iQe) 

is an isomorphism. 

The proof is left the interested reader. The main point is that the computations 
of Section 16 hold in this more general situation. The rest of the argument is 
identical. 

Appendix A. A Hodge Theoretic Lemma 

Suppose that T is a complex algebraic manifold and that H is a polarized vari- 
ation of Hodge structure (PVHS) of negative weight. Suppose that the Z- local 
system underlying H is torsion free. Here we will construct the sequence 

(26) ^ Ext^(Z(0),if°(T,ez)) A Ext^(,,)(Z(0)T,Hz) 4 fl'^(T,Hz) 

used in the proof of Proposition 11.2 and prove that it is exact. The proof below is 
short and direct. A stronger result can be deduced from general results proved in 
[24] in which the image of 6 is shown the be the appropriate set of Hodge classes. 
The map S takes a VMHS V that is an extension 

^- H V ^- Z(0)t 

to the corresponding extension of local systems, which is an element of 

Ext£(r)(Z,H) ^ifi(T,H) 

where C{T) denotes the category of Z-local systems over T. 

The map j is defined by pushout. By the theorem of the fixed part for PVHS, 
H°{T,m) [39] has a pure Hodge structure and the inclusion H°{T,m) M- ift is a 
morphism of HS for all t E T. Thus H^{T,M) may be regarded as a constant sub 
PVHS of H over T. An extension 

(27) ^ H"{T,m) ^ Z(0) ^ 

in the category of MHS can be viewed as a constant VMHS over T. One can push 
it out along the inclusion H^{T,M) H to obtain an extension of Z(0)t by H: 

^//■o(T,e) >Z(0) >0 

' ■ " 

^ H ^ V ^ Z(0)t ^ 

The map j takes the extension (27) to this extension. Injectivity will follow from 
the computation below. 
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We'll say that an extension 

^ H V -5- Z(0)t 

in the category 'H{T) of admissible VMHS over T is topologically trivial if it splits 
in the category C{T) of local systems over T. The kernel of S consists of those 
extensions V that are topologically trivial. 

To prove exactness, it suffices to show that every topologically trivial extension 
of Z(0)t by M arises from an clement of Ext^(Z(0), ff°(T, Hz)) by the piishout 
construction above. Suppose that V is an extension of Z(0)t by H in 'H(r). Then 
the Theorem of the Fixed Part for VMHS [41] impUes that i?°(T, V) has a natural 
MHS. The exact sequence 

(28) -i^ H ^ V -i^ Z(0)t ^ 
gives a long exact sequence 

^ ff°(r,H) ^ H°(r,v) ^ z(o) A H\T,m). 

Then V is a topologically trivial extension of Z by H if and only if d = 0. Thus, 
when V is a topologically trivial extension, we have the short exact sequence 

(29) 0^H° (T, H) H° (T, V) ^ Z(0) ^- 

which we regard as an clement of Ext^(Z(0), 7J°(T, Hz)). It may be regarded as a 
subvariation of V over T. This construction defines a function 

r : kcrS Ext^(Z(0), i7°(T, Hz)) 

which is easily seen to be a homomorphism. It is also easy to check that r o j 
is the identity. To prove exactness of the sequence (26), it suffices to show that 
r is injective. But this is clear, for if the extension (29) is split, then one has a 
Hodge splitting s : Z(0)t H°{T,Y) of it. But, regarding H°{T,Y) as a constant 
subvariation of V, we see that s gives a splitting of (28) in 'H{T). This implies that 
kerr = 0. 
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